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It is shown that fast drift Alfvén waves can be excited in tokamak plasmas by an external antenna
operating in the low-frequency band. The dispersion of these waves depends on the derivative of the
q-profile or drift terms in the case of low or negative shear. The wave absorption is determined by
the Alfvén continuum dissipation and has an oscillating increase with frequency. Typical global
Alfvén wave resonances are found at the plasma core for different signs of poloidal/toroidal mode
numbers �N /M �0� for a standard tokamak safety factor profile with central value q0�1. © 2007
American Institute of Physics. �DOI: 10.1063/1.2801414�

Drift effects on tokamak plasma stability and transport
have been actively discussed for more than 40 years. A series
of theoretical works related to drift waves were recently re-
viewed in Refs. 1 and 2. The main result of the investigations
is that plasma transport is controlled mainly by low-
frequency �LF� drift turbulence. In the last decade, some
mechanisms to control the anomalous transport have been
discovered.3 One of them is the reversed magnetic field shear
configurations, which help to suppress turbulence in the
plasma core and to create an internal transport barrier.4 The
LF magnetic fields have also been proposed5 to generate a
chaotic magnetic layer at the plasma edge, to control heat
and particle transport. In the TEXTOR �Torus Experiment
for Technology Oriented Research�, the fields in the
1–10 kHz band are driven by the dynamic ergodic divertor6

�DED� to actuate on the plasma at the rational magnetic sur-
face q=3. The LF fields driven by the DED have mainly
magnetic components, but they also have the potential to
excite a drift eigenmode spectrum. Recently, cylindrical mul-
tifluid codes7–9 have been used to analyze the penetration of
LF fields into the TEXTOR plasma. In the models used, the
LF fields are driven by helical coils with current, i.e., j�,z

=�MNJ�,zM,N��r−b�exp�i�M�+Nz /R0−�t��, where M and N
are poloidal and toroidal wave numbers, respectively. It was
shown that these fields can strongly dissipate at the Alfvén
wave �AW� continuum, which is described by the dispersion
relation ��2 /c2��11=k�

2, where � is the angular frequency, �11

is a radial component of the plasma dielectric tensor, k� is the
parallel wave vector, and c is the speed of light. The AW
continuum is formed by mode conversion into the quasielec-
trostatic Alfvén wave �QEAW�, kr

2= ���2 /c2��11−k�
2��33/�11,

if the QEAW dissipation is sufficiently strong due to
electron-ion collisions, or Landau damping in the parallel
component of the �33-tensor component.

Here, we incorporate the drift effects1,9–11 into the cylin-
drical code7 and calculate LF fields and absorption induced
by helical coils for different mode numbers �M /N� in the LF
band, below the band with possible excitation of toroidicity

induced Alfvén eigenmodes for TEXTOR plasma parameters
with standard, “flat,” and negative shear.

To proceed with tensor calculations for magnetized plas-
mas, we use equilibrium Maxwell distribution FM with
shifted parallel velocity V� of the species in the velocity
space �v�,�,v�� corrected with the drift effect,1,9,11 Fd sin �
= �v� /�c���FM /�r� sin �. The perturbed distribution function
is represented9 as one wave mode expanded in Fourier series

over �-angle F̃= �f0+ f1 cos �+ f2 sin ��exp�i�M�+kzz−�t��,
and three terms of the distribution are used for the calcula-
tions in the first Larmor radius approximation. In equations
for the f1,2 components, the collisional integral is used in
Krook form �	ef =	e=2.91
10−6ne ln � /Te

3/2 for electrons
and 	ef =	i=	eme /mi for ions�,
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where kb=MBz /rB−kzB� /B ,�c�=e�B0 /m�c is the cyclotron

frequency,vT�=�T� /m� is the thermal velocity of the plasma
species, with index � omitted in above equation. In the cold
collision plasma limit �	e��k�vT��, the collision integral
in the equation for the coefficient f0 has to be in Landau
form, and a solution for this equation is found in Ref. 11
using Chapman-Enskog approach. Another way10 to calcu-
late the parallel tensor is to solve the fluid equation directly12

for the parallel velocity. Finally, taking into account electron-
ion collisions, the ion rotation velocity Vi, and an axial cur-
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rent density j=ene�Ve , -Vi� along magnetic surfaces, we
have the tensor components

�11 = �22

= 1 + �
�=e,i

�p�
2 �� − k · V� + i	���� − k · V� − ��

*�
�2��c�

2 − �� − k · V� + i	��2�
,

�12 = − �21 = i �
�=e,i

�p�
2 �� − k · V� − ��

*��c�

�2��c�
2 − �� − k · V� + i	��2�

, �1�

�33 = 1 − �
�=e,i

�p�
2

�� − k · V���� − k · V� + i	��


�1 −
��

*

�
− 0.71�

��
*

�
� ,

where indexes “1,” “2,” and “3” indicate the radial, binor-
mal, and parallel components, respectively; the drift fre-
quency is defined as ��

* = �kb /�c�n���� /�r��vT�
2 n��, with �

=d ln Te /d ln nTe for electrons and �=0 for ions, and n� is
the plasma density.

To understand the results of numerical calculations, we
analyze the effect of drift terms in the limit �E� =0, and 	i

��� in plasmas without ion rotation �Vi=0�. For the condi-
tion M2N2r2 /R0

2, the Maxwell equations can be reduced to
Hain-Lust equation,13,14

d

dr
	r��11

�2

c2 − k�
2�dF

dr

 + F	dg

dr
−

M2

r
��11

�2

c2 − k�
2�
 � 0,
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where F=rEb and g=M��ci /cA
2���i

*−�e
*−�3 /�ci

2 �
+M2k� /R0q come from the �12-tensor component. Taking the
�11 component �Eq. �1��, we have the drift Alfvén

continuum1 �=�i
* /2±���i

* /2�2+k�
2cA

2 . The minimum/
maximum of the AW continuum may appear at the rational
surface with q-minimum qr, where k� may be represented as

k� �
1

R0
�N +

M

qr
− �r − rm�2 Mq�

2qr
2 � . �3�

This equation is also valid in the case of negative shear in the
plasma core.

Let us consider the possibility of fast drift Alfvén wave
excitation due to drift term in the g-function in the LF band
���3 �ci

2 ��i
*−�e

*�. Generally, fast AW may appear at the
plasma core when the functions D= ��11�

2 /c2−k�
2� and

dg /dr have equal signs. It has been shown numerically13 that
the global Alfvén wave �named “discrete AW”� appears be-
low the continuum minimum �D�0� due to the Hall effect
� /�ci for N /M �0 in the high-frequency band. For the LF
band and M /N�−q0, the Hall effect is very small but the
dg /dr function is negative,

4M2�s�s − 1�
�0

a2 −
�qa − q0�

q0
3R0

2 � r

a2 � 0,

because of the large last term, where q=q0+ �qa−q0�r2 /a2 is
used. The drift part of that function is small for the moderate
plasma pressure profile, p=�0�1−r2 /a2�sB0

2 /4�. In the

plasma core, Eq. �2� can be reduced to Bessel form with the
approximate solution

F = F0Jm��r�; �2 � 4M2 qa − q0

q0a2R0
2	 cA

2

���i
* − �� + k�

2cA
2 


r=0

.

�4�

That solution is trapped because a nontransparent region ap-
pears due to a change of sign, i.e., dg /dr�0, as the radius
increases.

For the low shear approximation, i.e., dk� /dr�0 and q
�−M /N, we have a positive value for dg /dr�4s�s
−1��0M2r /a4�1−r2 /a2�s−2�0. In this case, fast drift Alfvén
waves may appear in the LF band above the minimum/
maximum �D�0� of the AW continuum. In the plasma core,
for a moderate pressure profile �s�2�, an approximate solu-
tion of Eq. �2� is the Bessel function

F = F0JM�
0

r

�dr� ,

�5�

�2 � 4��� − 1��0M2�1 − r2/a2�s−2 cA
2

a4���� − �i
*� − k�

2cA
2�

,

where �2a21 in the LF band: ���3 �ci
2 ��i

*−�e
*�

�2��250 kHz�.
The solution �5� has to be matched to the solution at the

mode conversion point r=rA �D=0�. Expanding the coeffi-
cients of Eq. �2� in Taylor series over x= �r−rA� /rA, we re-
duce Eq. �2� to Bessel equation of zero index,13 which has
the solution

F = F1�J0��Ax� + F2Y0��Ax��, A � 	dg

dr
�dD

dr
�−1


r=rA
.

�6�

In the low shear case, i.e., dg /dr�0, A is negative due to
dD /dr�0. This means that the Bessel and Neumann func-
tions have oscillating profiles for �x�0�, which may sim-
plify the matching procedure with the phase ��0

r�dr− �2M
+1�� /4� of the asymptotic solution �5�. During a frequency
scan when the phase may only match with the J0-function in
Eq. �6�, the LF field can pass through continuum without
mode conversion effect or without absorption. We note that
changing x from negative to positive in the J0-function auto-
matically converts it to the I0-function. When the core solu-
tion matches only with the Neumann function �Y0�, we have
the strong continuum absorption due to the logarithmic di-
vergence of the Y0-function that produces the imaginary term
i� /2, when x changes from negative to positive. Finally, an
impedance curve should have some periodic oscillation with
frequency variation from a minimum to some maximum as it
is shown in the calculations.

To calculate the LF fields in the frequency range �f
�150 kHz� with the cylindrical code,7 which solves Max-
well equations with the tensor equation �1�, an equilibrium
cylindrical plasma model is used for the TEXTOR tokamak
with circular magnetic surfaces and with simple fitting pro-
files of plasma parameters: a=0.46 m, R0=1.75 m, b
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=0.5325 m, d=0.6 m, Bo�R=R0�=2.2 T, and Ip=340 kA
with respect q�r=a�=qa=4.0. Three cases of the current profile

j =
Ip

�a2

q�a�
q�0�	1 + �� r

a
�2
	1 − � r

a
�2
�

are considered: one �named “standard”� for �=0, with mono-
tonically growing safety parameter from q0�1.05 to qa; an-
other with quasiflat shear profile ��=2.3, �=2.2�, where q0

=1.92; and another one with negative shear profile where
q0=2.03 ��=3.5, �=2.5�. The ion rotation Vi=0 is used in
the calculations. Parabolic temperature profiles are consid-
ered: Ti=1110�1− �r /a�2�2+90, and Te=1940�1− �r /a�2�2

+60 eV for ions and electrons, respectively. The density pro-
file is taken as ne=n0��1− �r /a�2�+0.03�, with n0=3

1019 m−3. To calculate the absorbed power density, we use
the standard definition W= �j ·E�. Furthermore, the coil im-
pedance, which is total absorbed power normalized to half of
the coil current square is calculated for TEXTOR parameters.
In the case of negative shear, using the dimensionless param-
eter �0R0

2 /a2=const, we simulate the conditions of the Test
Fusion Tokamak Reactor �TFTR� experiment3 for the TEX-
TOR parameters.

For the standard shear profile, the antenna impedances of
the M /N= ±2/ �2 modes are shown for q0

=1.02, 1.05, and 1.08 in Fig. 1. Double spikes are related to
the global resonances for two different radial wave numbers.
The real part of the Er-component of the LF field for the first
spikes of the M /N= ±2/ �2 modes is presented in Fig. 2.
Those sharp spikes and Er-field distribution are typical for
the global AW resonances,15 as is discussed in the theory
section. The negative spike for q0=1.02 in Fig. 1�a�, with f
�9 kHz, appears below the specific drift frequency fse

*

�1.71fe
* for the electrons. This effect is produced by chang-

ing of the imaginary part of the �33-component of the dielec-
tric tensor that reflects the instability condition of the elec-
tron drift wave. We note that other global AW resonances
also appear for the other poloidal/toroidal modes
M =−N�0.

Next, we analyze the LF wave excitation in the AW con-
tinuum for the flat and negative shear profiles shown together
with electron drift frequency in Fig. 3�a�. The respective an-
tenna impedance for M /N=2/−1 is presented in Fig. 3�b�.
The impedance behavior is characterized as oscillating from
a minimum to some maxima, which increase with frequency.
The last maxima �not shown� have frequency 159 kHz for
the negative profile and 146 kHz for the flat shear. To com-
pare the behavior of LF fields in maximums and minimums
of the impedance, the imaginary part of the Er-component
and absorption of LF fields for M /N=2/−1 are plotted in
Figs. 4�a� and 4�b�. For the frequency f =37.5 kHz in flat
shear impedance maximum, we observe in Fig. 4�a� that the
LF field absorption is concentrated at the AW continuum
position of the M /N=2/−1 modes and there is an oscillating
Er-field structure related to fifth radial mode number. Con-
trary to that, in the impedance minimum with the frequency

FIG. 1. Plot of the antenna impedances as a function of the frequency for
the modes M /N= ±2/ �2 in TEXTOR with qa=4 and standard q-profile
�q0=1.02,1.05,1.08�.

FIG. 2. Real part of the Er-field for the M /N= �2/−2� �solid line�, M /N
= �−2/2� �dash-dot-dot line� modes over the normalized radius in the first
spike for q0=1.05 of Fig. 1.

FIG. 3. Plot of the specific electron drift frequency and Alfvén wave con-
tinuum over radius �a� and antenna impedance �b� as function of the fre-
quency for the modes M =2, N=−1 in TEXTOR with negative �solid� and
flat shear profile �dash-dot-dot line�.
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f =40.5 kHz, the LF field absorption with the same radial
mode number is absent at the AW continuum position this
result is in good agreement with the theory section. The same
behavior of the LF fields and absorption is found for nega-
tive shear at minimum/maximum of the impedance.

Finally, taking into account the q-profile and diamag-
netic drift effect in the calculations of the power absorption
and low-frequency electromagnetic fields driven by a helical
antenna or ergodic dynamic divertor in the tokamaks, we
conclude that:

• Nonpotential fast Alfvén waves with small k� can be effec-
tively excited in the low-frequency band of tokamak plas-
mas even in the presence of the Alfvén continuum.

• The dispersion of the fast waves depends on the q-profile
and on the derivative of the diamagnetic drift terms; for the
standard tokamak shear the fast drift Alfvén waves �as glo-

bal Alfvén waves� are excited in the plasma core below the
Alfvén continuum minimum with q0��−N /M� that is
slightly larger than 1.

• High sensitivity of that global resonance from the central
q-value may simplify the experimental definition of q0,
which is relevant for tokamak stability.

• For the negative �or flat� shear profile in the plasma core,
the fast waves dispersion above the Alfvén continuum
minimum is defined by the derivative of the drift terms and
the continuum may be transparent, depending on the phase
of these waves.
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