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FESUMC

Inicialmente (I) & feito um retrospecto sucinto das principais so
Tugdes conhecidas das equagGes de Einstein, e que tem repercussao sobre

0 tema desta tese,

A seguir (II) @ apresentada uma classe de solugbes estaticas  com
simetria cilindrica das equagOes de Einstein-Maxwell com um campo esca-

lar (J. Math. Phys. 15, 1756 (1974)).

Segue-se a reproducdo de tres outros trabalhos, que resultaram da
busca, ainda n3o completada, de um modelo classico estatico e sem singu-

laridade para as particulas elementares.

0 primeiro (IIl)} trata de sistemas contendo apenas campos estati-
cos de longo alcance, inclusive escalares das classes atrativa e repulsi

va (submetido recentemente ao J. Phys. A).

0 segundo (IV) considera um sistema constituido por poeira escalar
mente carregada, em equilibrio, sem qualquer simetria espacial (Nuovo Ci

mento Lett, 12,319 (1975)).

No terceiro (V) & apresentado um modelo constituido de poeira em
equilibrio estatico, com densidade de carga escalar repulsiva de curto

alcance (aceito para publicacdao pelo Phys. Rev. D (1975})).

Completam a tese algumas indicagoes sobre pesquisas nossas em anda
mento, na mesma linha dos trabalhos anteriores, e uma bibliografia sobre

campos escalares em Relatividade Geral,



CAPITULO I

INTRODUGAO

Apds ¢ sucesso da Teoria Especial da Relatividade ], muitas foram
as tentativas de inclusao dos fenomenos gravitacionais em um formalismo
covariante relativista. Foi o proprio criador da T.E.R., Einstein,quem
elaborou a melhor teoria de gravitagao conhecida no momento, a Teoria
Geral da Relatividade. Desde a sua formulagao final 2 até os dias de
hoje, a T.G.R. tem sido considerada uma das maiores conquistas da cria-
tividade humana; ela conseguiu aliar a um formalismo espago-temporal de
profundo significado uma precisao numerica que vem resistindo as mais

rigorosas e recentes medidas 3.

Segundo a T.G.R. o potencial gravitacional & representado pelas
dez componentes do tensor metrico guv‘ funcdes das coordenadas espaco-
temporais. Esse tensor deve satisfazer as equagbes do campo, equagdes
diferenciais parciais nao lineares, de segunda ordem. O problema cen-
tral da T.G.R. consiste na obtengdo de solugbes dessas equacoes, € ha

interpretagao fisica dessas solugoes,
No caso de vacuo, ou espa¢o vazio (aquele nho qual se acha presen-
te apenas campo gravitacional), as equagoes da T.G.R, sao va -0 4

Dada & alta complexidade destas equagoes, a quase totalidade dos siste-

mas fisicos estudados dispoe de alguma simetria., As solucgbes estaticas



mais conhecidas destas equacoes sac as de Schwarzschild 5, Weyl 6, Levi-

8

Civita 7, e Curzon “; e a solugao de Kerr % & a estaciondria de major re

levancia. A busca de novas solugdes para o vacuo n3o estd encerrada,
nos mesmes tends obtido recentemente alguns resultados 10, 11,

Para espacos nao vazios a Relatividade Geral prescreve Guv =

= K Tuv onde T e o tensor energia-momentum, cuja forma explicita .depen

de do sistema fisico em consideragdo.

Para matéria fluida, por exemplo, usa-se como ™ o tensor M

m

= (pc? + p) Y - p g"’ onde p, p e u" sdo respectivamente a densidade,

pressac e velocidade da matériaj dentre as su.ugoes estaticas conhecidas

para tais sistemas destaca-se a de Schwarzschild T2; e dentre as solu-

coes estacionarias salientam-se as dos aglomerados de Einstein 13, 14, ]sh
Para campos electromagneticos usa-se,como TS,E& = so(Fg Fﬁ -
- &5 Fg Fi/4) onde FI & o tensor do campo electromagnético. Muitas sao

16

as solugdes exatas de campos electromagneticos ja obtidas » tais como

as de Reissner 17, Wey1 6, Kar 18, Mukherji 19, Bonnor 20 e nossa 21.

Sistemas fisicos constituidos por matéria e campos eletromagneticos
sao representados por tensores energia-momentum que sao a soma ME + Eﬁ;
frequentemente as equagOes dos campos para tais sistemas apresentam uma
complexidade de tal ordem gue apenas solugoes aproximadas sao obtidas 22.

Outros campos podem ser introduzidos na Relatividade Geral 23’24‘25.

Usualmente faz-se essa introdugdo segundo o principio do acoplamento mi-

nimo 26

» do qual resulta a ausencia de derivadas de guv no tensor ener-
gia~-momentum dos campos. Esta tese versa fundamentaimente sobre campos

escalares em Relatividade Geral, a analise dos quais passamos a dirigir



agora a nossa atengao.

A primeira questao a abordar, a respeito do campo escalar, concerne
- a0 papel singular representado por esse campo. Com excecac do que pode
ria sef considerado um "campo cosmologico" constante e uniforme A, o cam
po escalar & o campo covariante estruturalmente mais simples, dispondo

de apenas uma componente S(x“). Devido a essa simplicidade estrutural,
& de esperar que ele ainda venha a representar um papel fundamental nas
descrigoes tanto dos macrossistemas (sob forma estatistica) quanto  dos

microssistemas (sob forma elementar, ou primaria).

Um outro ponto a comentar diz respeito a "filosofia" que possa re-
ger a introducac de um campo escalar em uma teoria de gravitacao. A teo-
ria Geral de Relatividade permite a coexistencia de um campo escalar e
de um campo gravitacional, porém nega a impossibilidade da existencia de
um campo gravitacional independente da presenca de um campo escalar. Em
outras palavras, a T.G.R. prescinde de um campo escalar, apenas aceifan;
do a sua presenca. Outras teorias gravitacionais, entretanto, consideram
a presenca de um campo escalar como 1mprescindivel péra a propria exis-
tencia da gravitagdo. Nessas teorias, chamadas teorias escalar-tenso
rials, o campo escalar tem a sua presenga assegurada nas equagoes do cam
po gravitacional, qualquer que seja o sistema fTsiéo em consideragao.

26 27

. - ; 2 . .
Tais.sao as teorias de Szekeres 4, Yilmaz %, Brans e Dicke e a teo-

28

ria pentadimencional de Jordan “°, entre outras,

Destas teorias, a que recebeu a maior atengao dos pesquisadores,
tanto teoricos como experimentais, foi a de Brans-Dicke; ela representa
primordialmente uma tentativa de incorporagdo do principio de Mach a u-

ma teoria relativista de gravitagao. Entretanto, resultados experimen-
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tais bastante recentes ~ tendem a nao comprovar as predicoes das teorias

gravitacionais escalar-tensoriais; no caso especifico da de Brans-Dicke,
o valor 7.5 sugerido por Dicke 28 para sua constante adimensional di-
fere muito do valor minimo (23)requerido por precisas observacoes recen-

, 30

tes de Fomalont e Srame . Alguns inconvenientes adicionais das teo-

rias de Szekeres e de Yilmaz foram apontados pelo proprio Yilmaz 31, e
a teoria .pentadimensioral de Jordan visou sobretudo @ unificagao dos
campos . gravitacionais e eletromagneéticos sob um formalismo penta-covari-

ante especial.

Como a Teoria Geral da Relatividade vem satisfazendo, como teoria
gravitacional, a todos os resultados observados dentro dos erros experi-
mentais, & na sua “filosofia" que serac considerados 0s campos escalares

nesta tese.



CAPTTULO TI

CAMPOS ELETROMAGNETICOS GENERALIZADOS

Devido a diferenca de tratamento matematico, convem distinguir de
inTcio dois tipos de .campos escalares, os de curto alcance (também chama
dos de alcance finito, ou ainda massivos) e os de longo alcance (alcance
infinito ou de massa nula), muito embora os campos escalares de longo al

cance sejam apenas um caso particular dos de curto alcance.

Os de Tongo alcance tem um comportamento um tanto semelhante ao do
potencial gravitacional de Newton, e ao do potencial eletrostatico de
Coulomb. Devido a essa semelhanga, muitos foram os trabalhos publicados
envolvendo simuitaneamente campos gravitacionais, eletrostaticos e esca-

lares de longo alcance.

Os campos gravitacional e eletromagnéticos vem sendo chamados de
"generalizados" na literatura, quando acompanhados por um campo escalar

de longo alcance. SolugoOes de tais campos generalizados foram apresenta

das, entre outras, por Szekeres 24 26 k 3

33)

» Yilmaz ®7, Bergmann e Leipni

» Buchdahl 34. Janis, Newman e Winicour 35,

Penney 36, Gautreau 37, Misra e Pandey 38 39
' 41 21

(ver também Treder

» Tupper 7, Rao, Roy e

Tiwar 40. Datta e Rao ', e por nhos

Este U1timo trabalho surgiu com o nosso exame das objegoes levanta |



20 (1954) 3as solugoes de campo eletromagnetico apresenta-

das por Mukherji 19. As solucoes eletromagneticas generalizadas apresen

das por Bonnor

tadas em nosso trabalho sao estaticas e de simetria cilindrica, e ten-
dem a solugao de vacuo de Marder 43, no caso de ausencia dos campos esca
lar e eletromagnético. A conveniéncia das nossas solugdes € que a solu-
¢ao de Marder resiste as objecoes de Bonnor, permitindo a interpretagao
do seu parametro. C como densidade linear de matéria em unidades adequa-

das. A seguir, uma reprodu¢ao desse nosso trabalho.



GENERALIZED STATIC ELECTROMAGNETIC FIELDS IN RELATIVITY ~

A, F. da F. Teixeira, Idel Wolk and M. M. Som
Centro Brasileiro de Pesqulsas Fuwws
Rio de Janeirno, Brazil

- ABSTRACT

A general class of solutlons is obtalned for static Lyllndrlcally symmetrzc
(rad1a1 a21muthal and. longltudlnal) electromagnetlc flelds c0up1ed w1th ma%s~ '
- less scalar field. These are Presentéd all in a same reference; system sudh _

" that one cal have Marder S solution 1mmed1ate1y in absence of electromaonetlc

.fl and scalar fleldo.
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1. INTRODUCTION

In literature there are some interesting static solutions of Einstein-
Maxwell equations. In a space-time region symmetric under rotations ab_o,ut‘ a"r
spatial axis as well & under translations about the same axis, these sro“lutions'
correspond to t-hree types of fields: azimuthal fields (Mukherjil), radial -
fields (Mukherji], Bonnorz) and longitudinal fields (Bonnorz, Melvin 3, Ghosh
and Sengupta 4). Mukherji obtained a class of solutions ofrthe field equa~
tions corresponding to an infinite straight wire carrying current, using pseudo-
~ewlindwical coordinates. Bonnor > observed that with this solution for
azimuthal electromagnetic field one has diffi é'y"’lty to interprete the cénstants
the way Mukherji interpreted thém, as paraneters' représenﬁng mass, current
and radius. Indeed one can eliminate the.constant representing mass in his
_sp]utioh by a suitable coordinate transformation. . Fufthef for vanishing. elec¥_[-
fromagnétic fié}d'hié sbiution goes dvef'téiMa?der's‘ﬁk solut1on on?y for-a-

partmﬂar va1ue of the parameter assoc‘n ated w1th gra\n tcﬂtiona'i mass 'm Marder s_;:'-

so]ut1 on.

In the case of a‘lready kno«vn so?utlons of er1d equatwns corr\esnonqu to :

7 showpd that if tkere are no 51nqu1ar1t1as in tnefl_

‘an mﬁmte hne charge, Som
field, then one must allow negative vaiues of RD ﬁn the source regmn, negatwe
values of R would requwe then T - T/2 < 0 whlch demands a very unusual
property of matter. _Thus one is f'orced to infer that no solution seems to

exist for a line-charge with positive mass.

Simﬂar is the situation with the solution corresponding to Tongitudinal
fields. The only solution known so far which does not give rise to this situa-

tion is that of Melvin. However Melvin's solution” corresponds to a magnetic
[
universe free of any source.

AN
B
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In this paper we have studied all these fields coupled with zero-rest mass
scalar fields. Though inclusion of scalar field does not remove the previcus-
ly mentioned difficulties, some interesting results are cbtained. Furthe rmore
we have obtained a new class of solutions of the field equations corresponding
to an 1nf1n1te wire carrying current. For vanishing e1ectromagnet1c and scatlav

fields a1l our solutions go over immediately to Marder's solution.

2.1 - BASIC EQUATIONS
The field equations of space -time bonta1n1ng e]ectromagnet1c fields and

zero-rest mass ccalar field, but no matter are

R'li'\) -.gm) R/Z_ '—"- !—\.-(Ew + SIJV) B : (2.1)
Cwith |
£ . i} - I
B EHP =€ (Fu Fow guv o F /4) St (2=?}A:
~and R . ' ' | - 2
S =5 .5 - G0 s s jo L i gy
uv BTRRNY gﬁv_g‘ S,D 5’0/27, S ‘473)"

" where F' is the skew-synmetr1c eTebtromagnet1b fqud tensor wn1cn sabxsfzes ’
Haxwe]] s equat1ons for empty - space |

_ [uv;d] - - | _ '“::- - :,'--.- . o (2.4)
and ' o L '

iy o . ' N \
Y, =0, | | (2.5)

the semicolon denoting covariant differentiation; and S is the zero-rest mass
scalar field, which satisfies

s¥eo. - (2.6)
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2.2 - SUﬁVIVING COMPONENTS OF ELECTROMAGNETIC FIELDS
We shall first obtain the surviving components of e1ectromaanet1c fae1ds

in spabe time regions where the metric tensor a the Ricci tensor Ruv -and'

uv? b
the tensor Suv are all diagonal; then from Egs. (2,1) and (2.2) one haleuv
ﬁégonal. The vanishing of Ej, and E,, implies respectively
g*? Foo Fau + g°3 F gy Fyy =0 T (2.7}
and ' _';
\ g°° Fo os gtt Fp, Fiy =0 ' (2.8)
One has then
-1 " . ’ '
Foo Fay (Fyg F5y )} <0 except when F, F . =F  F. =0 (2.9)
ana
* -1 : o . =
For Fos (Frz F?3 ) >0 &xcept1when Foz Fos = Fia Flé =0. - (2.10)

Equations (2.7) 'and_(z 8)_are then only éoh"pafib“le when. e.ithei« the pair of -
components (F,, , ng) or the pa1r of component> (Fga, Fiz) vanishes' TSimi1ar =
considerations ;bout van1sh1ng of E "and Eﬁa_show that at least one of the

12) and (F ) mus t van*sh, and van1sh1na of E

;pa1rs of components (Foés

U“’
and By, 1mpiy van15h1ng of at Jdeast one of the two pa1rs (F s 23,.) and (FOZ’ng) ;f
‘Lonsequent1y of these three pairs of- Lomponents (Fﬁgfgi,.), (FOA, _ ) and
(Fogs 12) a1ways on1y one pair of components surv1v1e5 for nonvan1sh1ng electro-i‘

magnetic fleids.

2.3 - FIELD EQUATIONS IN STATIC METRICS WITH CYLINDRICAL SYMMETRY

The line element for a static system with cylindrical symmetry is

ds? = e gtz - e 42 - 2 eZqu}2 - e gz, o (2.11)

.\‘
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with n, As B and vy functions of r only. It is known [8, Chap. 8] that for_ any_'

static cylindrically symmetric system, the metric components can be described

by only three functions of radial coordinate. S0 we choose ‘a fe]é‘t—i'on_

A=n B Ay | - (2.12)
Then the surviving components of Ricci ten'solr are (a subsc.ript-l means d/dr)
SRy = - L o (2.13)
-7 + . - B
Ri = - g (n B+Y)[‘n11+Bll+Y11+ (Blnnl_Yl)/r—z(nlslq‘nlYl-}-BlY.})J b4 ‘ (2']4)
B2 o . om2(nHBiy) ey | |
RS = - e ", re/m | S (2.18)
and ) ' :
3 -2 . _
Ry = = e MBIy wy ) L (2.16)
Since the electromagnetic field Fw depends only on r, we have from (2.4)
Fop = €y o L an.
| Fys =&, - (2.18)
and . I o e N
whére Eq;’ Ez- lan.d (Br are cbnstants';_"a_nd f_ro-néj(z_._ﬁ)'om‘évha's' T
Foas & vt e (2.20)
. 2B | : SN
Fi.= ¢ '32 r e’ o (22])
and:
~ . ) -1 2.Y . ! .
F13 = C@q) r e s | (2'22)

where ér’ 9?2 and Qq) are constants. Also the massless scalar field depends only

Y

on r, so from (2.6)
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s,= 3, (2.23)
where J is a constant. iy
If we now define the constants
. .2 . . ) .
c?ré/{. E"(gr_ '+ c?ﬁr)/z R (2.24)
2 ' ‘ -
g¢=KEﬁ@¢+ 8@;n2 | - (2.25)
and '
. 2 2
?\ G, =Ke (8, + czgz)/z . (2.26)
then simpiest from of Einstein equations 1is
r? + = (E M, B e’ B 2B (2.27)
£ Tlll r nl had r.\e ] ¢ .. ,v 7 T' _- - » .
T e, arg = (-8 E -8 ey, (2.28)
'rrz-Yill-.'h Y, = {.'-_'gr‘:ezn. : _€¢ GZY'- . eZ r* e?_B} | (229) .
e gy F )6, U] =SR2

+ - éjr' e, (% 'ez-Y;gzl"rz e2fy , PR ) N
where in each bracket { } only one of the terms is to be considered, since in

-each. problem only one of the constants .E’r, 1‘?¢, -”32 can be: different from zero.- -

3. SOLUTIONS OF FIELD EQUATIONS
In all three problems (radial, azimuthal and longitudinal) the method for

obtaining the solution is identical; we use the first three equations for obtain-
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ing the expressions of n, B8 andy (A is then got from (2.12)), with a total of
six constants of integration; then last equation (2.30) gives a:rejation whi ch
reduces these six constants to five. After that, one can easily Eeduce;thesé
five constants to only three essential ones, by suitable coordinate transforma-

tions. Let us consider the azimuthal case in details.

In this case & =€, = 0; then (2.29) gives
y = - log [(r/a>b 5 (@0) 7 (/)] = - Tog %, @B

with a and b constants of integration; sum of (2.27)Aand (2.29) gives

n=- y+hlog(r/d) , - (3.2)

with h and d constants of integration; and sum of (2.28) and (2.29) gives

B o=~y *plogle/f), - . A € )}
with p énd'f constants of intégratjon;'finally sqbstitufion of_(3‘1)HtQ;(3;3)- ‘.
into (2.30) gives o O

One thus obtéins

g,, = (7" B2, .. LR T '(3._5),-
Gy = (/@) M(ry) (BT AT (3.6)
' 2 ;A2 - . .
9, =~ r2(r/f)(2b rEIT2) /M B2 S (3.7)
and
-2

Gy = =5 5 ' (3.8)

with a suitable coordinate transformation one cbtains

< oy
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o0

gll

92
and

953
where
zj r()
and

74
Mukher3ii
field.

and

where

FolTowing .@ii“mﬂar steps one obtains for.j the radial case (%; hig

z . 0)

%r

(-/
76

o

- (r/ro)Z(b-l—h) 9;;) )
o

= - (Y\/ro)'2+2(b+h) + 2b2/h+_d_’f /h c.//
- = 2 () EHRON /2O S
= (r/ro)—Zbr?EF} ,
= a(ayd) (as) (PFEKST2) /M

-2 - 2
= [} + g%(zb) (r/r,) 5}
[:13 SéC..ZJ

o

fl

~ 2 (r/ry)

e,

‘?._

;(r/rn)'fzt) iji:‘ )
{1 - ;fr (o+h)] ™7 (r/r,)

~242b42b htkA2 b
S T

S

T 2 Jz
( /V‘u) 2f2(b+h +2b /n+ : /h j

2(b+h

LA

16

(3.10)

(3D

(3.12)

{3.13)

(3.14)

is a special case of this soluticn, for vanishing scalar

RRNCRDN

ey

(3t1f)l"'
(3.18)

(3.19)
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Mukherji [1, Sec. 3] and Bomnor [2, Sec. 2.b] are special cases of this solu-

tion.
And for the 1ohgitudina] case (5} = é% = 0) one obtains
2 (b+h) -
a,, = (r/m)?®M g -, . (3.20)
- 2 2 _
g == (r/r,) 2+2({b+h)+2b= /h+k4* /h q; , (3.21)
11
- 2 2 -
and _ ‘
G, = 7 {!‘/!r*e)-2b SFZ R (3.23)
where , . |
i . 2 . 2 2 -2
F,= 0+ pg, 0 [— 2(b+h) + 2(b+h)2/h +¢4 /h] x

Z
' _ S ez 2
¥ (Y‘/!"O) 2(b+h)+2(b+h) /h+K’5 /h} : (3-24)

ot

Bonnor  [2, Sec. 2.d], Bonnor [5‘ Sec. 3, Gosh und Sengupta Al afe spéCia1rtases..

of this solution. In absence of eTectrowagnet1c flelds (‘?’ = ?& = gfi 1

so]ut10ns for radia] az1muthax Land 1ong1tud1na1 pr0b1ers becone 1dent1ca1

L

" We next impose that our coord1nates be Ney1 canonacé] oneﬁ, 1q.absence
Qf e]ectromagnet1c fye]ds this means g géé = .= r‘, and G and gEB.become
identical as a conséquenée of (2.12). This 1mpos1t1on're1ates the ﬁhrée éonstantSi
b, h, 4 by | |

h=(b+h)? -KZ22 =0.. (3.25)

CIf we further relabel the conbination b + h,

b+h=2m"™ | | (3.26)

then we get in absence of electromagnetic field
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g, = (r/r)*™, (3.27)
s 42
61y = 9, = - (r7ry)Tim(I2W K (3.28)
and
g, = - (e )M (3.29)

For the factors corresponding to each problem with electromagnetic field we get

n 4hizs aatgiion

N N ¥, = [ 1- Er(llm)'z(r/rp)qﬂz , (3.30)

% ﬁ + %(-' dm + 82 +k42)™ (r/r, )" *8’"2”{31 (3.31)

and | | » _ : _
g

7, = ["i + (2 - 4m) (r/r )2'4ﬂ' . B . (3.32)

: hb_hava thus obta1ned a set of soiut1ons wh1ch go over to- the so1ut1on g1ven
tﬁy Mardér 6 N absence of 81ectromagnet1c and mass}ess sca]ar f1e|ds And 1n ."
'~ abse nce of sca]ar f1°‘d dnd mak1rg parameter m vantsh 1n the Iongitud1na1 so]u—

It Jhou1d be ﬂOLlCQd that our o

-

" tion gives the e1echromagnet1c geon of Me1v1n 31
 rad1a1 and 1owg1tud1na1 solutions are expressed 1ﬂ hhyi Lanonlca1 coordinates

'wh11e azwmufha? soTutwon is not.

4. DISCUSSION OF THE RESULTS

“In Sec. 2.2 we showed that stétic eylindrically symmetric systems may.contafn'
exclusively radial, or azimuthal 6r'1ongﬁtudina1-éiectromaonetic field, ot
combination of these fields. Choice of coord1nates r? 9y gﬂn g¢¢ - proved

to give equations easier to solve than others more used in 11terature, such as
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: 2 : : . .

= = ' n
Ypp = 957 or g¢¢ r* Gpps our choice of coordinates and an appropriate labeling
of constants of integration allowed solutions of the three independent systems
to become identical in absence of efectromagnetic fields; and further these tend
to Harder's solution in case of vanishing massless scalar field, when one of the

two constants b and h is fixed by the condition (3.25).

It is evident ffom Egs. {3.30) to (3.32) that one caqhot havé m=0 for
radiai field and m = 1/2 for longitudinal fie]d,-indépendént]y'of scalar field.
With azimuthal field the éituation is different: only in absence of scalar field
the solution correSpbnding to azihutha1 tield does not allow both m =0 and m =
= 1/2. It is further interesting to note that for vanishing e]éctromagnetic
field the expression for Kretschman scalar takes the form |

Wpo _ 2 - 2: _ . ‘A _ ) ' _ _ - a2
R Riveo —[64"* (1-2m)* (1-2medaf ) = 16m(1-2m) (1-4me3n ) g 3° +

- jz, '
+ (3 8m+16m zj“Jr (r/r, ) 4+8m 162 - zK D

when ;f # 0 thls is a1ways pas1t1ve and tends to zero at 1nf1n1ty, however whenj _3
. 13 0 it tends to zero everywhere as m tends to p1tner‘ the va%ue zero or te one-'fj*
:“/f half., ﬁ ‘ | o | ‘

';: Janis et ai. ? .pres;ribéd.évﬁeﬁhddaofxébtéin{dg'sémé'géééraﬁiéed;e1ectfo{
magﬁetic fie1ds‘from the vacuum fiéTd soTutions.{rnéépéctiQe'6f ény‘symmétry,'buf
their prescr1pf1ons do not admit comu1nat1on of electric and magnet1c fle]ds How--

ever our solutions allow conb1nat1ons of e?ectr1c and macnet1c fields.
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CAPTTULO TI1

ELETROVACUOS GENERALIZADOS

Uma outra linha de pesquisa em. campos esca?ares de longo alcance
consiste na obtencac de vacuos generalizados e de eletrovacuos generali-
zados a partir de uma solugdo conhecida de vacuo, D3-se o nome de eletro
vacuo a um sistema contendo apenas campo eletromagnético, e de uma forma
tal que, com o desaparecimento desse campo, o novo sistema se veja des-

pojado de campo gravitacional (Ruvpo = 0). Entre outros, Buchdahl 34,

44 45 41

Das °7, Janis, Robinson e Winigour "~, Misra e Pandey 38, Datta ¢ Rao
obtiveram solugoes parciais do problema.

Uma generalizagio dessas solugdes foi recentemente obtida por nos 46,

e considera duas classes distintas de campos escalares de longo alcance:
a do tipo atrativo (como ¢ campo gravitacional, que provoca atragao entre
duas massas) e a do tipo repulsivo (como o eletrostatico, que provoca re
pulsdo entre duas cargas de mesmo sinal), Segue-se uma reprodugao do

trabalho em aprego.
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ON GENERALIZED STATIC ELECTROVACS

A.F. da ¥. Teixeira, Idel Wolk and M.M. Som

' Centro Brasileiro de Pesquisas Fisicas, ZC-82 Ric de Janeirq}'Brazil

ABSTRACT

- i
Generalized static electrovac solutions of Einstein's:

equaticns are obtained.from known'vaéuum solutions, in which the

- specific elcctrlc charge as well as the 3pec1flc scalar charge mqy.
'assumé afbltrary vaiues.-Inithe process of generaleatlon Lwo tyDeS'
of_long range scalar’ f;eldsfﬁere con51dered one 1° repu131ve, llke
'ééuiomb_field; the.othef:is:attractlve, llke grav1ty fleld THa_"
lgffect'éf.£hé’su§é£ﬁositioﬂfo£ txese two tvpés o; £xelds ha alsc’ =
K béeﬁ‘sﬁﬁdied' Thé solutiéné:preJOﬂted tend stéésjhtForuardly to-

Lhe corresvondlng vacuum soluilons when the con tanto assocmated

to the eluctromagnetlc aﬁd scalar strengtho tend to ?ero. 3'

#
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1. INTRODUCTION

In a pioneex work Weyl (1917) obtained the class of so-
luticons cof Einstein-Maxwell's equations for statlc systems with

cylindrical syrmetry, when there exists a £unctlonal relatlonship

between the electrostatic potential ¢ and the metrlc component Iq

Later HNMajumdar (1947) generalized these results for electrostatlc
systems with or without spatial Symmetry, showing that goo=l+A¢+¢v?
however the interpretation of the qonstant A Qas not given. At the
same time Papaﬁetrou (1947) presented a Special class of solutions

- * *
involving magnetostatic potentials ¢ for which goo=(l+!¢ |)2.

" after that. Bonnor (1954) showed how to generate a purely'magnetog

%QQLC solu ion from a purely elebtrootatic one. Soon after, Ehlers

(1955} in a remarkable WOrk presented a method for devcloplng a

.purely electrostatic or a purely magnetostatlc solution out from
a glven vacuum-solutlon, 1n the same year he eytended (Ehlers 1955a

4 h:s resulto to 1ncluae thc constant A of Najumdar, and al 50 1ntro

duced a owa~parameter claqg of,long rangc scalar £1€7 r"however in

-hlS Solut1ona one finds leflculty in vntevpreu‘bg the Congtants

assoulated w;th the electrowagnotlc and scalar flblds, and also; :

'Lhe orlginal vacuuw solutlong cannot be obtalncd q¢mply by puttlng

the “onutanLg associated W1Lh thsn flelds equal to zero Tbese-

[

dlfflcultles are also cncountercd in- later worha of Bonnor (1961)
and of Janis et al. (1969). |

In‘this paper ve p:esent-én extended soluﬁion of the-
problem propqsed by Ehlers {1955, 1955a)} uéing the recent results

of Parker (1975) we were &@ble to introduce simultaneously electros



24

fatic énd magnetostatic fields. Differently.from previous works;
.all the constants which appear in our solutions have eaéy interpre
tations at least in the weak field epproximation. Since scalar fi-~
‘elds seem to play an interesting role in the structure of elementary
_particles (Teixeira et al. 1975), we considér here simultaneously
two pOSSible.ClaSSQS of one parameter scalar fields that can be
fitted in Einstein's theoxry. An interesting feature of our solution
is the straightforward recoveringvof £he Originai-Vacuum solutions
when one puts the constants aséociatéd to the.strengths of the elec

4\ tromarmetic and scalar fields equal to zero.

2. FIELD EQUATIONS

We consider the gencral static line elenent.
- AN : ,
20

- . d52‘=1e2?ﬂdx0§2 - e hij'dx}dxj_ ' ',',_(l}“

?withfw and hij functions of the spaQG‘coordinaﬁeijk iny;_Theﬁ ﬁhé"
are’”

"~ nonvanishing components of ‘the Riéci“tensoffRﬁ

i

Ve

e R = ey T T Ty

. o= H, . + 20 .0 .
H + zwilu

where ﬁij and & are the Ricci tensor and the Iaplacian 6perator
built up’ from hij’ and a comma denotes ordinary derivative.

Magwell's equations in empty space are

By o

= 0 . {4)
4 TBVPGC - 7 ) ’
) B ruv;p o (5)
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where .a semicolon denoites covariant derivative and ¢"vPY is the to
tally antisymmetfic unitary contravariant tensor density of weight

+ 1; for stationary systems we can write, from (5)

Foy T 7 ¢ 4 | - (6)

where ffom (4) and {1) the electrostatic potential ¢ satisfies

—on i
(hl/z e 2Vn13¢ LY oL =0 ' _ . (7)
: : : rd e _
with h=det hiﬁ and hijhjp= 6%; The energyv ﬁomentum tensor
C e e o - ; Ba ..
E = (F F guvraBF /4 /4 p o (8)

uv na v r

corresponding to an electromagnetic field whose only antisymmetric

i

components are given by (6) has the surxrviving components

L4

A\~ : . |
o = H20 i3 L ; '
anoo Rl ‘-h' —¢-:i ¢:3 " T (9)
PO fﬁﬁpij‘_.(hij ?fu.?fk;?,m _,??,i 9,j?e s (o).

Another long lange fleld Wnlch we Uill con51der LS the

. massless -real scalar fleld S, whlch sauls‘;es 1n reglon; free of
"scalax sources (Idc] holk LL al 1975) the equatlon S’ﬁ O whlch'-
in tatlc bycte (1) tahes the form ;

'(hl/:a hlj S ) J:= 0 . E ,. ., - .'(ll)-
There are indeed two classes of such flelds: the first class is'rég‘
ponsible for an attraction betweeh two ététiq sourcés of same sign,
so we call attractive such gravity-like fields; sources of opposite

sign would repel each other. The second class is a Coulomb-like
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field, in the sense that two static sources of same sign repel each
other, while sources of opposite sign feel a mutual attraction; we
call such fields repulsive. The energy momentum tensor of a long

range scalar field is

——— -—— ’a ’ i
Suv - i(sru S,v, Juv S Sfa/z)/4ﬁ ! (12)

where upper‘and lower sign corregpond to attractive and repﬁlsive
scalar fields, réspectively; the demonstration of.this assertion is
given in-thérhppendix. Throughout this papér_we follow this-sign'
cohvention. |

Let us consider now tﬁe Ehlers (1955a) problem: given a

static solution ({V, h*j) of Einstein's vacuum eguations

-,

as? = eV (@x®)? - &7 nyaxtaxd (13)

_,wé?ﬁéntfa'sﬁétic solufi§n7(¢}ghi53'¢, S)~0f-Eihstéinfnékwglljscalaru
- eguations’ .. |

J;dszf;f 2w(d 0 ? -e'awrh;‘.dﬁiﬁleﬂ;f‘ -lf'f_(lS)f*y

. Ruv;jignq R/2 %1- aﬂ($ﬁU‘+fsﬁ?}'fﬁfff*ffii _ fls{.l

AWlth the électrostatlc potpntlal ¢ funculondli? rélaLéd to.the gfa;.‘
. Vltdtlonal potcntlal ¥, and also the 5ca1ar potentﬁal S.funct;onally?
related to ¥; a}so this ¥ 1s_to bear a functlonalirelatiénship with'
the vacuum gravitational potential V. | | ‘

. Thap is to say, given the functiqns V and hij ofAthe'

space coordinates satisfying . Ca
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. w2y oy =0, (17)
| 13743 .

H,, + 2V , V = 0 .

i3 ) \,1 '3 ' (18)
we want ¢, ¢ and S satisfying Maxwell and scalar.equations
;c, - ) PR Y * '_ . . .
@ty oy =0, (19)
- r J'J ] .

w2t oy =0 (20)

PR R

and also Einstein's eguations

AV 22 yi3, y w2

PR r 7
' ) ~-1/2 1/2. km km. - —2y=
L. 2%, 0, - h, )§ ~(h, .} -24 .
Hlj + 2V,1 V,j‘ h iJj (h h l‘bp_k).v ( 131 ‘¢,k¢,m ¢,1¢:J)e *
SR L e

~each of-thelfogr functions- (¢, ¢, S,'V) having to be fuﬁqtionally re

* "lated td_the'remainiﬁg three.

-3, SOLUTIONS OF THE EQUATIOUS . - 7

et Lo
Falr .
P

Prom (17) and (12) and cbnsidéfiﬁgiﬁhat:beth_éﬁand_ﬁ,are o
functionally related with V,-we see that:

Lot P ¢ . =—-aV., ; a=const . i " (23)
) - 'l ' . ,.1. 3 o .
similarly from (L7) and (20) we get
S, =+ oV, ' c = const . . {24)

rl L

Substituting now (18) and (21) into (22), and Considering-(ZB) and -

(24) gives hs



28

V’i = (C™ta e %}i | . (25)
c=1gzcH/? | (26
which yields on integration
e_? = cosh CV - (l+a /C )1/2 sinh ¢cv . ~ : (27}

Then the electrostatic potential ¢ and the electrostatic

field are, from (23), (27) and (G),

o = - {afe¥ sinnev, | (28)

Y2 :
Foi = g e V,i ’ (29)

vhile the scalar field is, from (24},
W

S=4cvV . ' T (30) -

4.'CONCLUSIONS.‘

In the case o£ vanlshlng clcctroatatlc and scalar f¢elds.7
’T(a_?,c = 0), the two llna element¢ (13) and (lo) comnclde, Slnﬂe
from (2/) and (26) we get C 1 and ¢=V. Tnls ea Jneso in recoverlng
.tha vacuamm olutlon is an lnteLouthg feature of oul solutlcﬂs.

In absence of scalar fleldS'one'gets from (27),and'(28)-th

Majumdar's'relation

2

e = 12014022 gra v 2, o= o0 (31)

for weakly charged systems ({small values of a) we have from (28) the

ratio ¢/a finite.

L
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We have imposed a fﬁnctional'relationship between the
electrostaﬁic potential $ and the gravitational potential W o in
the weak field‘approximation we have both ¢ = 0 and V = 0, so from
(28) ¢ = - av. Except in some particular spécersymmetric 5ystem$,_
'the_proportioﬁallity of these potentials can only be achieﬁeé when
the sources of gra&ity and électrosﬁatics bear'a'ratio'indépendent
~on position. Then the parametei a can be interpreted in*ﬁhis appro
‘X1matlon as a constant ratlo between the electrostatlc charge den81ty
and the original mass den51ty. Similarly th@ parameter ¢ in (30)
would be the constant ratio between a scalar source density and the
~ original mass density.

It is known (Parkér 15?5) that the same energy momentum
-tensor Euv corresponds,to-two different electromagnetic‘fiel&é Fuv

~and ?;v when these two fields are related by a dﬁality rotatidn,

: kD - L
S r' =F cost.+ F sind S {32y

wv T uv BT v

P

wvhere ¢ is an_arbitrary.real_constant'anﬂ- Fﬁ§*is.theHdualfof Fﬁv

R )

' aﬁ a conscqucnce, we can genetallze our soluflon ’27) to',»bV; B

eV = cosh ¢V 4[1+(a 212 )/c ] l/z-éinh'CV¢ (34)

by 1nclud1nq a mdgnetostdtlc fleld

e (b/a) (ng) TR 0N (35)
, ‘ ; _
where .b is a constant related to the angie ¢ of the duality rotation

by tan ¢ = -b/a; this field would be that produced by a magnétié mg

NEEI

L
e iR
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nopole density bearing a constant ratio b to the original mass den
sity, in the weak ficld approximation.
One gsees from (26) and (27} a fundamental difference bet

weén the introduction of an attractive scalar field and that of a
répulsive ona; the differencé manifests itsélf in the square rooﬁ
(1 % ¢ )l/?. While a repulsive scalar field (lower éign) can be in
troduced with arbitrary strength-g, the strengﬁh of an attractiwve
scalar.field is bounded to values of ¢2 < l. We can try a classical
plcture to sce the origins of this difference. We can_obtain a re
pulsive gcalas liald solution of the eguations by introducing in
the sources of the original static vacuum solution some amount of
soﬁrce of repulsive scalar field; in order to restore the eguili -
bfium'of the system we can introducé some additional mass (attrac—
tive); fof strong repulsivé“;calar fields, iarge amounts of mass
.;shpuld'be¢added.VTﬁe'situation iS not Lhe'éame, however, when one
'wéﬁtc an attractiée scaJaerield-'lf one start% from g’étatic Sy$“7
'!tem and intloduces in it attractlve soaldl ﬂource, the"stgblc ty can
be Mﬂnfained by taklng 0£“ com quantlty of the origlnal maqs, since
.Lffthe mdbq of the orlglnal system is llmitcd, one ghould eVpeot a lluki.

imm* aL“O on the amounu of'attrar “ive - scaTar source whlch could bc

'flntioauced w1thout degiroynng the @qulibrlum.; |
: | 'One can have'a sumerposztlorlof a-scalar”fié;d of theiat~
tr&ctavc clasg w1th one of the repulsive cla H théée are iﬁcoﬂerent,

and then the constant C in (27) is given by

c = (l—cz + )l/? , (36)



. slcal gsensg e, Lhe conotant C. in (?7} b@coma jn th g ée;'

-

whére c, and c,. are the coefficients in (30) corresponding to the

attractive and repulsive scalar fields, respectively.

One can still have a superposition of two or more scalar

fields of the same class. That superposition can be either coherent

- or. incoherent. A coherent superposition of two scalar fields of the

same class occufs similarly to the supexrposition of two electros-—
tatic potentials cqrresponding té_two densities of electric charge,
séy; the net coefficient c in (30} of an attractive scalar field
which iz a coherent superposition of two attractive scalar fields

of coefficionts T ¢y and ¢, is ¢ = ¢

+

1

ot and the constantt C in

(27) becomes -

C = {;1 - fc1+c )2.‘I 1/2 H {37}

these <y and c, can be of the same or of opposite slgn. An incoherent

,superposition of two‘scalar fields of the‘same class occurs similax

ly- to the superpOSLtlon of an el@ctro tatlc potentldl (repulslve)

.and a: scalar magnetostatlc poientlal (alﬁo rﬁpuls ) orlglnatcd DY
. magnetlc monoaﬁlvs, ne*ther do the corrc pOﬁdzng Cources ald uo, nor

,;the mathematlcal addltlon of the tmo squar fleldH hdS then any phx
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APPENDTX

Consider the energy momentum tensor

Vo= ot WY o+ s, (r.1)

where p is a mass density,rug = ax"/ds is the corresponding four-ve

locity vector field, and sV is the energy momentum tensor associa-

ted to a scalar field S according to

——
o

o
< = %(5 S - s 8 2)Y /4w . A.2)
b ( TR :a/ ) /4m (2.2)
The conservation equation Tuv.v = { gives
I
pu¥ = F s'Vs%4n , : (a.3)
where w" is the four~acceleration o u’
.In a locally Minkowskian coordinate sysﬁem wiﬁh signéturé
. -2 we get
ows = = (F 8’%4y)s |, - i S a4y

.ok

the right hand sidé'is,fhen t@e 132'compcﬁéht_cf“éhé aéﬁsi£y cf*fo:éé'
fof:non—gravitational nature) whiéh is aétiné'updn,gge-ﬁust; thé_eg
‘preséiOn of this fbrce contéins a_écalaiiquaétitf-#iﬁes1the'gradieﬂtf
S ; Of the scalar field. Following the usual defiﬁi#idhof value of
a séurce as the negative ratio of the force experienced by that soug“'

ce by the gradient of the (potential) field, we see that the density

o of scalar source is given by

£
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- o]
g = + S:u/éﬁ r E sm:ue_‘,__ _i.ti'l-i{.l (A.S)
- '\, iBuoTECa
or in static systems -
AS = % 4o . ' (A.6)

By analogy with the equation for the attractive Newton po
téntial AV = 47p and that for the répulsive Coulomb potenfial
A = ~dnh we are.nowrable to relate the upper andllower sign in
(2.6) with the attractive and repulsive scalaﬁ fields, respective-

ly {sce Section 2).
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CAPTTULO TV

FONTE ESCALAR DE LONGO ALCANCE

Varios foram os traba]hés dedicados ao estudo da densidade de fon-
te produtora de campo escalar de longo alcance (densidade de massa esca-
lar, ou de carga escalar, ou ainda de fonte escalar); dentre todos, des-

tacou-se o de Das 44

» que demonstrou que em certos casos particulares u-
ma poeira escalarmente carregada so pode ficar em equilibrio estatico se
a densidade de fonte escalar tiver .em cada ponto valor absoluto igual &

densidade de massa nesse ponto.

Foi-nos possTvel demonstrar 4

» Utilizando mais extensamente as
equagoes do campo, que essa condigao para o equilibrio nao se restringia
a algumas das situagoes particulares consideradas por Das, sendo de or-

dem bastante mais geral.

A seguir, uma reprodugao desse nosso trabalho.
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STAYTYIC SCALAPRLY CHARGED DUST
Idel Wolk, A.F.F. Teixeira and M.M. Som

Centro Brasileiro de Pesquisas Fisicas, 2C-82 Rio de Janeiro, Brazil

" ABSTRACT - In this note the necessary condition.gOO:eXPIZSl betvreen
the metric coafficient‘goo and the massless scalar field § is proved

when these fields are due to a static scalarly charged dustdistribution

In an eariief work Das_(l962)-studied_tﬁe étéﬁié équi&d‘
:~grayita£ibna1 and electrostatic as wéil‘ésfscalangields dueft§ iﬁébh j
.erent dﬁst'chaiged in electrié?ér s¢alar'éen§é;.he fpuﬁdfsémé'ﬁefy.
ééné;ai results for such systéms;:ﬁOWQVér iﬁ ﬁisfdepivétidn a'an§g
tional reiatiohship betweeﬁ‘tﬁé metric éoéfficiénﬁvgo;'-and_tﬁé poté£ g
'fial ¢ is assumed, and an equalitf‘of'méﬁté;jaha charge deﬁsiﬁieslis -
imposed, this impoéitidn being juStifiéd by ﬁeﬁtonian mechqnics;.Late:
De and Raychaudhuri (19268) found that a functional relationsﬁip betwéeﬁ
the three functions Yoo $ and o/p (ratio of electric éharge and.masg
densities) follows directly from the field equations; then the equéiity
of matter and electric charge'ﬁensiﬁies is- found to be the only possibl
solpt}on'in regions free of Singulariéf. |

-

. : 5 T
Our purpose is to demonstrate that q00=exP12§i follows direc

tly from the field equations in the case £ is the long rangélnépQISive

-
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scalar field produced by static scalarly charged dust; and that the
equality of densities of matter and scalar charge is also a consequen
_ce of the Einstein - scalar ecguations.

In the general static line element

as® = exp(2n) (ax%)?

+ gijdxidxj | (1)

we consider n(x%) and gij(x }; and in Einstein equations we use

T = pu u_ =(5 8 - g

af y
- Lot S'aSiB/2)/41r ' _ (2)

with p(x”) the mass density, v ='5S exp n the four-velocity field of

p, and S(x™) the long range repulsive scalar field satisfying

. where o is the source density of S.'Comma éndwsemicoloﬂ 'dendté'partial_
and covariant derivatives, respectively. ‘.‘
The contracted Bigﬁchi.identities give, ‘using (3),

M.+ S o= 0 . ‘ -

en 3 * oS ¢ 0. . T £ Y
\Fromtthis equation one finds that all Jacobians 3(n,81/a(xi,x3)# 0o,
then one obtains that n(xl) and S(xl) are functionally related; that
is, there exists a relation £(n,8) = 0 independent of the point xt and"{
of the ratio . «fp. We thus define ¥ = ds/dn  and get from (4)

: : | b=~ al . ~ ()

Now (3) and Rg + 8ﬁ(Tg - T/2) = 0 give respectively

-
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(g2 sty - 4 a7 =0, - (6)
, |

A L B S : (7

r

where g = ~det 9y the substitution of (5) inte (7) and use of (6)

give

| ,i

" An analysis similar to that of De and Ravchaucdhuri (1968) shows that

(172 ;2 _ qy2/2 n'{l =0 . (8)"

this eguation can only be satisfied, in regions free of singularities,

when 22 = 1, so from (5} and (4)

o = * p _ " _ "'(9')-
&= Fn . S _" o (lo)f

These equalities are thus not only sufficient £dr the equi ..

~librium, as usually considered, but also necessary..
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CAPTTULO V

FONTE ESCALAR DE CURT(Q ALCANCE
Contrastando com a abundancia de solugoes exatas para sistemas dis
pondo de campo escalar de longo alcance, ate hoje ainda nao foi obtida

uma Unica solu¢do exata envolvendo campo escalar de curto alcance, En-

48, Brahmachary 49,

. Roy e Rao 53 & 1gs mesmos 27,

tre outros, trataram do assunto Duan'-=I=Shi

50 51 52

Stephenson , Penney ~ ", Das

Neste Ultimo trabalho consideramos uma distribuigdo esférica esta-
tica de poeira, cujos constituintes sao fontes de campo gravitacional e
de um campo escalar repulsivo de curto alcance. Obtivemos uma solugdo a

proximada {linearizada) das equagbes.

Um aspecto interessante da nossa distribuigao g que o equilibrio
estatico foi conseguido sem a utilizacdo de qua]quer’conceitg'tido usual
mente como macroscSpico, como pressao ou tensdes; ao invés, empregou um
- campo escalar considerado dos mais "elementares" da natureza. Conquanto
a nossa distribuigao nao sirva, em sua forma atual, como um bom modelo
de qualquer particula elementar, acreditamos que ela contenha um germe
que convem seja desenvolvido, esse germe consistindo no conceito de den-

sidade de fonte escalar de alcance finito.

~E nossa intengdo em futuro proximo dedicar atengao a um modelo ele

tricamente carregado, e posteriormente tentar incluir um momento angular
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nesse modelo; as distribuigoes resultantes ja conteriam ent3o um numero
razoavel dos elementos que caracterizam as chamadas particulas elementa-

res, com a propriedade bastante desejavel, segundo Einstein e Rosen 55

de nao apresentarem singularidades.

Segue-se uma reprodugao do nosso.trabalho 54



41

LY

TENTATIVE ROLATIVISTIC MODEL

FOR NEUTRAL YUXARA SVYSTEMS

AT.F. Telxelra, I, Wolk and M.M, Som.

Centro BraSlleer de Pesquisas FlSlCuS Rio de Janelro ZC-82 Brazil

Some structurally important results inlthe small as well
as in the large dimensions are presented considerina a qpher1cal
Gistribution of incoherent dust, the constituents of which are
simultaneously sources of graviﬁatlonal as well as repulsive short

range scalar fields.,

1. TNTRODUCTION L

In 1nv,stlgat1nq t 1e structure of ~ elementary“pd thlPs,

4 -

it is bPLIGVBQ that the effects of qlav1tatxonal ﬂnteractxon canno*‘*
be ne' ected {l] CIn flftse conﬁldcrable 1nter st haq been fOCu qed B
og a set of equa?aons in whlcn a rea] QﬁalaarfLPJd of lonq ranr i  }l
]S couwlcd with the grcthatlona1 fxe¢d LZ 3 4 SJ S;nce tbc iér}.

flelds which f£ind applications in phv%’CS are uq allv of 3 or* *"na@"

some other phvsical interpretation is intended for the spalar noten

tial. In the case of a real scalar field with short range exact so . !

mrm

luticns are quite difficult to obtain. Duant'-I-Shi {ﬁ] first obtainad
a class of solutions to the equations corresponding to the fislés

of & noint nuclear charge; however his solu lOﬂo contain several

x
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functions whose forms are not explicitly known. Stephenson [7ﬂ pre
sented an approximate static spherically symmetric solution of ﬁhe
Einstein-Maxwell-Yukawa field equations which, he cleimed, repre-
sents the classical fields of a preton. v

It seems worthwhile to investigate the effect of a real
scalar field coupled wiﬁh the grevitationai field in.the fo:ﬁation
of elementary structures. In a recent work the preeent authore [8}
héve shown that if one considers the distribution of incoherent
dust charged in scalar sense, in equilibrium under the influence
o’ its own gravitational and long range repulsive scalar fields,
then the only_possible solutions are those given by Das [93{ how--
ever for such a disfribution one has the matter density equal to
the scalar charge density, which cannot be attributed to any known
elementary partlcle - |

In thls paper we'probose to conSLder a snherlcal dJetrJ
-;butlon oA 1ncohcrent dunt 1n statlc equ1llhr1um. Thc 001st1tuents
of the dvst are supposed to be the qourCES of'araVItatlonel as vell;:
 ¥ae' hort range reéﬁlsmve Yukawawtyeg f1eld In vmew of dlffwcultlesfﬁi

-1A obtalnwnc an exact solutwon ‘we have studled the approylmate

'-:solutlons and obtalned sore 1ntereet1ng‘recults Whlch are qtruc;
7turally 1mnortant in Lhe emall as well &s in the larne darenelon;;_

-

"2, GENERAL LOUATIONS

The Einstein-scalar field equations are

2

z . At}

RY = 2e (1) - 8hm/2) /o



43

vy 2w _ 2 S TRy W o2 52 o '
T =pc’u u, -c .(25 \S'v §, 8 S,a + &0 8T/287)/2¢ e (3)
where
2 : . ‘
e = 4aG/c”. ¢ ’ . ' (4)

p is a matter density, S is a short range (£) repulsive scalar field,

U

¢ is the density source of S, and w is the velocity field of p and

o. Comma and semicolon<* mean ordinary and covariant derivatives,

respectively,

- »or static spherically symmetric systems we consider the

" line element

.

Lien ==

2 2n . 02 2a 2 2 2
e 'dx

- e dr” - r° d8° - r2 sin26 d¢2 (5)

H

.~ with all functions py o, S, n, o depending only on r. Since the

static condition implies u® ='ég e_n, the eguations (1) and (2)
‘becone

CTngg +onglngmag) +o2ng/r ] e = g 8P 0% 0 T T (e

_ o L _ - 20 2. 2 | - 2 D
[y omytng - e ey /r [T = mep # ST 4 2700y L ()

-2 . T =2 7 -2g - 2

T - L: + (ny-ey)/x ! e =lep - 8°/4 T fi!_::i. Sl (8)‘;;
i P N

~ where a shiscript 1 means d/3r. One obtains from the Bianchi identity

= 0 the relation
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coherent dust of matter density p(r). The gravitational collapse of
this dus£ is supposed to be prgvented by a stronger short range
.repulsion of a Yukawa—-type source density o(r) associated +o the
dust. Since the four eqﬁations (6} to (9) contain five unknowns

{n," 2, p, 6, S8), one additional eguation such as

o = £p , £ = const . : | {11

maf.be added.

In view of difficuitykin obtaining exact solutibns we
wake use of an appfoximate'méthod; we expand our tﬁreé potentials
n, o, S and. the two densities 5, o in integral powers of some small
dimensionless constant «, to be idéntified later. In the lowest
approximation we have takén the densities independent of k, and
differently from. Stephenson (7) we také-ﬁhe three potentials pro-

qurﬁionél‘to K. Thenf(ﬁ) tbz{lb} Simplif? +to -

- plngp + £8) =.0. | B T ey

3. INTERNAL SOLUTIONS
With » # 0 -we get from (12), (15) and (16)
2

2 a1,
Sy, = o {i7=13f 7 &7 p

—
Tt
wd

——

r
Y
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where thé subscript i means interxrnal. Substituting (17)'into (15)
ﬁe obtain

r‘z(rzpl)l + £32(f2—1)“% o =0, | (18)

A short reflection shows that we must have |c| > p , since if this
were not the case, the sphere would collapse. So with f? > 1 in

{18) we choose the regqular solution

“Mﬂhz.sz 1-"'jL sin vr , A = const R ‘ (19)
— )
- 5 =1/
v = £ g2 (20)

Then froﬁ (17)

Si = ¢! (R/fr) sin vr , - (21)

- where R is the radius of the distribution, and

o
-
it

'EA/R ‘ | . o .' . (22)

is a dimensionless constant; and from (16) and (14}, respectively,

” ni';-~ e' (B + Rr © sin vr) ,..'B_% const -, - ".'j';:r'ff:“.f23}:f_
ol a; = e! (anl sin vr -~ vR bos vr)';' S ﬁfié'f,':lflf o l*(?é}:ff:

The equation (13) is_identically satisfied; the constant E

will be fized by boundary conditions.

~ 4, EXTERNAL SOLUTIONS; BOUNDARY CONDITIONS

For p = 0 we easily obtain integrating (12) to (15)

' -1 | -1 _~x/L o
= =~ g_ = - Cr 5 = - (25)
ne e ¥ e DI‘ &} fl (?5)
; and C and D are constonts of
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integrations. These potentials have the usual Schwarzschild and
Yukawa behaviour at infinity.

We now impose that at the boundary of the sphere (r=r)
the three potentials n, «, 5 be continucus as well as the radial
firét derivatives of n and S.

The continuities of S and 5; not dnly.fix the constant
D, but also.prescribe'to the rédius R,the-éiscret set of values
éiven by |
2ot . 26)

Since p(r) in (19) should always be positive, we get from (26) that

1/2 < VR < . | | . (27)

" Then with (26) and {27) we have

sin vR = el ™, i' , o 7 (28)

- so from {(21) and (25

o

B

5, = ¢! Rfﬁ_-r osin vr  { ;.Se.:;é'(f{f'r)i

wl N L Ceepysp

bopd LemlemRIZE 29y
i e
':-;fThe_COntinuikééé of n andﬂni'at,er.gpégify'the-qbnStantsi

B and €, and the continuity of o is identically 'satisfied givina

Hni'ﬁ - é'(R;ul Sin vr - vR cos vR) ; h '.':1._ _lV- :_.3[- (30}
' -1, : - . ' 2
e, = e'(Rr 7 sin vr - VR cos vxr) ) - (31)
L - ' -1 -1 ' S '
= - = e s 14
. Gy 57(1+R/M)R|f| r o, - (32)

From eguations (29) to (32) it is natural to identify the

censtant ef with the necessarily small constant «  in terms of which

we nade our seriecs expansion. This igentification implies a yestric

\\
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tion on the parameters of the system. Remembering that in

Schwarzschild-like systems the mass m is defined by
o, | .‘ .
Ny =~ Gm/CcTY _ _ (33)

we get from (32) that

(34)

s

l£] (1+r/0) " Yem/c®R)
one can verify from (20) and (28) that when 1 < f2 < @ we have

-1

that = © < Ll (1+R/L) < 1, so from (34) our approximate solution

is wvalid when

-

Cm/c“R << 1 . , (35)
For practical purposeé we define the "effective Yukawa
charge™ ¥ of our sphere by

. cZS =G Y rml e“r/£ ; E ' ‘l' ’ {36)

then from (29) we obtain
vy =t ry" M0, T (37)
and.we can verify from (20), (27), (28) and’ (3?) that m.< Y/f for. -
all values of £ » 1. | ' L . .

A case which 6bserve -a sp?czal consxderatloq is. that

when.fz s> 1: then from {27) and (28) cne hds vR |f]u S0
from (20) R/L = w|f] - 1, tﬁat‘ié, R >» £ The lnternal nuantlhﬁeé
hecone | |
e (mm ARS ~1 . “1. ' ' B ol
o= (mu/4AR7) (v siny - £ZR ““cosy ) : (38)
2, e

ng = =~ (Gm/c"R) (1 + y sin y) , (39)

2., -1 . - , SR
ay = (Cr/c™R) (v siny - cos y) (40)

e



48

s, =+ w (on/cR) (U/R) (v siny + £/R) (41)
o = % p R/nL . | | (42)
where.

vy = ﬂr/R. ' | . - | - (43)
is-a radial §ariab1e; the_external'quéntities become

Ng = 7 g - - Gm/czr ,' o o ' | (44)
s, =+ wlen/c’r) (o/m? ™ (7R /_‘p“ . (45)

5.'DISCU§ TONS

Our approx1mate solutlon renresentq a qtatlo SﬁherlcaTlv

symmetric yatem \hose only far roachlnq 1nteract10n is a qravzta

t10ﬂal one- we did DOt u%e'any macroqﬁoplc concopt 11?e pln surej
;Lo de crlbe.suuh structure. qlnce our quutJon does: not Show any
naularlty elther Jn thafqourﬂe d?nSItléS or 1n'Lhe potontwala
‘Eilt cdn be ccepté- as a” nélve ci selcal model of'an uncnalnmo fpmqﬁi
: less ﬁlemﬂntarv partzcl&.._i;;f;TTj-fi~tfﬁ{ - ‘ ‘ |
| - In our zodnl the mdsr Qenrlty ptr) has afmé?iﬁumifinit§ xL
.value dt Lhe Ollgln, and ﬂecrea:eb mouotonlcally téha-fiﬁipervaipe
at“£he~boundary. The condltlonj(SS)_for the validity‘of.bur'éppknt,:

-

y{wation is uoualLy ret both in the very small as well as in the

-

‘very 1arge phj ;ical SyStGis .

A nove) feature of our mocel is thé-preécription (26) fox

the radius,or the system; dll previpous solutions L9 PO,, asnad on
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electromagnetic and long range scalar fields allowed arbitrary va;
iues for the radius.

In our approximate solution we havé made an eﬁpanéion in
integral poWers of the émall constant é', and we HaVe;ﬁaken onivf'
the‘loweét order term of the fields and sources; as a conqequcnce_
our model presented all fUﬁctlons Pe O, ﬁ. x, S llnearlv pvoportlonal
to a same constant A or cculvalentlv m. A non- llnearlty would
appear only if higher order terms in e were considered.

Our final expressions for the source densities (11) and
{1¢} and for the fields (29) to (32) are not suitable for obtaining
the limit of long range scalar field £ + e« .indeeé_it is knowh [93
fhat for these fields it must be.fz = 1, and that the ipternal
structure p(f) remains undefined in the sysﬁem {(5) to (8).' |

It would be illu%tfative to evaluate thé constants appéa4

ring in our modﬂl uhen appli@a to an elemcntdrv part*cle Let ﬁs:.-':
w25 o

‘;_choose the neutral plQﬂ, Wlth mass m"=‘2.4 X 30 : _g. and‘huéiéaf'
hanqe £ = 1,5 % 10 3 Assumlnq the rad:us P = ﬂ we obtaln from
(26) | £ m.lel2 and we vevlfy from (35) that g! .?_10 4?. ‘The ﬂaqs Ei;

dLanLV p(r) in (1q) decreaseg from 2 8 x- ]0 q/cm: at the o;lg%n_{
to abouL half of this value on the boundaly -Fo+tﬁhe' ejfgqéive '
Yukavd charge® (37) we get [Yl 9 x 1W 2§g.: | | |

The case where the xadiﬁS'of'the sphegiqal syspeﬁ-is rauch |
larger than the range of the yukawa field.(R§>£) is p;rticularly
lntor““tihg: the exteriér;scalar fiéid Se IQS} is:very small(#zkﬁz)
relative to the exterior gravitatiénél field e (ﬁéj,on fhe boﬁnﬁary

" R, and even smaller at larger distances. If we neglect this Sé,'we R

N

r
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can replace the two concepts of intgrnal-scalar fielad Si and its
éource ¢ by the single concept of a pressure p(r); since in our
lowest order of approximation in e | a
py *+ ¢ png =0 | T ey
werget from (38) and (3%) on integratidm,

.. .2 3 2 | | - i
p =2 ¢ R p . _ _ {(47)

. s Lo
Slmllarlg to the density p(r) (38) this presure has a finite value

at the origin and decreases monotonically to zero {(for £/R -+ 0) on

- the boundary.
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