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A numerical analysis of a one-dimensional Hamiltonian system, composed by N

classical localized Heisenberg rotators on a ring, is presented. A distance rij be-

tween rotators at sites i and j is introduced, such that the corresponding two-body

interaction decays with rij as a power-law, 1/rαij (α ≥ 0). The index α controls the

range of the interactions, in such a way that one recovers both the fully-coupled (i.e.,

mean-field limit) and nearest-neighbour-interaction models in the particular limits

α = 0 and α → ∞, respectively. The dynamics of the model is investigated for

energies U below its critical value (U < Uc), with initial conditions corresponding

to zero magnetization. The presence of quasi-stationary states (QSSs), whose dura-

tions tQSS increase for increasing values of N , is verified for values of α in the range

0 ≤ α < 1, like the ones found for the similar model of XY rotators. Moreover,

for a given energy U , our numerical analysis indicates that tQSS ∼ Nγ , where the

exponent γ decreases for increasing α in the range 0 ≤ α < 1, and particularly, our

results suggest that γ → 0 as α → 1. The growth of tQSS with N could be interpreted

as a breakdown of ergodicity, which is shown herein to occur for any value of α in

this interval.

I. INTRODUCTION

Classical spin models have called the attention of statistical-mechanics and magnetism researchers

throughout many years [1–5]. Many techniques have been used in their study, both analytical and

numerical, in such a way that a reasonable knowledge of their equilibrium thermodynamics has been

achieved, and specially, of their critical properties. Among those models, one could mention the

n-vector classical spin models, which present the XY (n = 2) and Heisenberg (n = 3) as particular

cases.

An interesting formulation of a n-vector classical model comes when one adds a kinetic term to

its Hamiltonian, i.e., the spin variables may be interpreted as classical rotators (see, e.g., Refs. [6–

8]), so that the terminology “inertial model” is currently used. This additional term does not

pose difficulties in the calculation of equilibrium properties within a canonical-ensemble approach,

but it turns possible to derive equations of motion for each rotator, which can be integrated by

means of a molecular-dynamics procedure. In this way, the dynamical behaviour of these models

can be investigated numerically without the need of introducing any particular type of probabilistic

transition rules for changing the microscopic states.

The inertial ferromagnetic XY model was introduced in Ref. [6], within a fully-coupled framework
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(i.e., infinite-range interactions), a limit where the mean-field approach becomes exact. Mostly

referred to as “Hamiltonian Mean Field” (HMF) model, it became paradigmatic in the study of

the dynamical behaviour of classical many-body Hamiltonian systems, and it has given rise to a

large amount of works [9–18]. One of the most interesting features in the HMF model concerns

the appearance of metastable states, for some particular initial conditions, whose lifetime grows by

increasing the total number of rotators, that could be interpreted as a breakdown of ergodicity in

the thermodynamic limit.

A generalization of the HMF model was proposed in Ref. [7], by introducing a distance rij between

rotators at sites i and j of a given lattice. Moreover, the two-body interaction was assumed to decay

with rij , like a power-law, 1/rαij (α ≥ 0). The index α controls the range of the interactions, in such

a way that one recovers both the HMF and nearest-neighbour-interaction models in the particular

limits α = 0 and α → ∞, respectively. In between these two limits, one finds an important change

of behaviour in the thermodynamic quantities, yielding two physically distinct regimes, namely, the

long- (α ≤ d) and short-range (α > d) interaction regimes [7, 19–21]. In the latter, one has the

usual extensive and intensive quantities, whereas in the former, one may find also nonextensive

thermodynamic quantities [22]. This generalization is usually referred to as α-XY or α-HMF model,

and it also has been studied by several groups [17, 20, 21, 23–25].

The dynamics of the fully-coupled inertial version of the ferromagnetic Heisenberg model has been

much less investigated in the literature [8, 26, 27]. Metastable, or quasi-stationary states (QSSs),

also occur for this system, similar to those that appear in the HMF model; their lifetime diverge by

increasing the total number of rotators N , which implies that the order in which the thermodynamic

limit (N → ∞) and the infinite-time limit (t → ∞) are considered, becomes important. More specif-

ically, if we let N → ∞ first, the system remains trapped in these QSSs, never reaching the final

Boltzmann-Gibbs (BG) equilibrium state, most probably being the QSS itself the final state in such

a case. In these metastable states, thermodynamical quantities, like temperature and magnetization,

do not coincide with the canonical-ensemble predictions.

Herein, we will modify the fully-coupled inertial ferromagnetic Heisenberg model, by introducing a

distance rij between rotators at sites i and j of a given lattice. Analogously to the α-HMF model [7],

the rotator-rotator interaction will be taken to decay with the distance like a power-law, 1/rαij (α ≥

0). The interaction part of this Hamiltonian has already been studied analytically in Ref. [28],

within a canonical-ensemble approach to the equilibrium state of the corresponding d-dimensional

model, where it was shown that if the two-body interaction is appropriately scaled, a universal

thermodynamical behaviour is achieved for 0 ≤ α < d, e.g., relations involving temperature T ,

magnetization M , and internal energy U become α-independent in this interval. Apart from this

study of the equilibrium state, an investigation of the dynamical behaviour of the above-mentioned

Heisenberg model, and particularly, how the QSSs may be affected by the exponent α, has never been

addressed in the literature, to our knowledge. In the present work we study this model on a ring,

i.e, d = 1 with periodic boundary conditions, using molecular-dynamics simulations. We perform a

detailed analysis of the QSSs behaviour by varying the energy, number of particles, and range of the

interaction, i.e., the exponent α. In the next section we define the model, the appropriate scaling for

the interactions, the canonical-ensemble solution, equations of motion, and initial conditions to be

used in the molecular-dynamics procedure. In Section III we present the results of our simulations,

showing an agreement with some analytical results known in the literature for the equilibrium state,

in some particular limits; most importantly, we show the existence of QSSs for energies U below

criticality (U < Uc). Such QSSs, which were verified herein for initial conditions corresponding

to zero magnetization, appear for values of α in the range 0 ≤ α < 1, being characterized by



ArXiv Manuscript. L.J.L. Cirto, L.S. Lima and F.D. Nobre (2015) 3

durations tQSS that increase for increasing values of N , like those found numerically and analytically

in previous works of the similar model of XY rotators [9–18, 24, 29, 30]. Finally, in Section IV we

present our main conclusions.

II. THE MODEL

First, let us define the model in terms of N localized interacting classical rotators, on a d-

dimensional hypercubic lattice, through the Hamiltonian

H =
1

2

N∑

i=1

L2
i +

1

2Ñ

N∑

i=1

N∑

j=1
j 6= i

1− Si · Sj

rαij
= K + V , (1)

where α ≥ 0 and Si represents a vector with n = 3 components, assigned to the rotator at site i

(similar to a classical Heisenberg spin variable), allowed to change its direction continuously inside a

3-dimensional sphere of unity radius, leading to the constraint Si ·Si = S 2
i = 1 (∀ i) 1. Moreover, Li

depicts the corresponding angular momentum (we are considering moments of inertia equal to unit, so

that angular momenta and angular velocities are equivalent quantities). The coupling constants may

be identified as Jij = 1/(Ñrαij), where rij measures the (dimensionless) distance between rotators i

and j, defined as the minimal one, given that periodic boundary conditions will be considered.

One should notice that the interaction term defined in Eq. (1) is long-ranged for α ≤ d, in

the sense that if Ñ ∼ O (1) the partition function does not admit a well-defined thermodynamic

limit [28], e.g., the internal energy per particle diverges in the limit N → ∞, so that the system is

said to be nonextensive [22]. Consequently, in order to calculate the thermodynamic limit adequately

whenever α ≤ d, the quantity Ñ has to be defined appropriately to ensure a total energy proportional

to the system size N . For α = 0 this is attained with Ñ = N , the so-called Kac’s prescription [4, 5,

17, 28]. For a general 0 ≤ (α/d) < ∞, the extensivity of the Hamiltonian in (1) is achieved through

the following choice for Ñ ,

Ñ ≡
1

N

N∑

i=1

N∑

j=1
j 6= i

1

rαij
. (2)

This may be seen intuitively if we note that forN large, Ñ ∼ N1−α/d, if 0 ≤ (α/d) < 1 (hence, Ñ ∼ N

for α = 0), Ñ ∼ lnN , if (α/d) = 1, and Ñ ∼ 1/(α/d − 1) ∼ O (1), if (α/d) > 1; therefore, this

proposal yields the interaction term in the Hamiltonian (1) proportional to the system size N , for

all α ≥ 0.

The need of the scaling in Eq. (2), for systems characterized by long-range interactions, began

to be realized within a generalized ferrofluid model [19] (see also [31]). This proposal was applied

successfully to a controllable-range interaction (α-dependent) Curie-Weiss model, where it was shown

numerically that by considering such a scaling, the magnetization per particle follows a thermodynam-

ical equation of state, M = M (T ), that becomes independent of α in the nonextensive regime [32].

Moreover, applications of this scaling for Lennard-Jones-like systems were carried in Ref. [33]. In

addition to the aforementioned works, the correctness of the conjectural scaling of Eq. (2) has been

verified in several other systems, suggesting that it should be valid for a wide variety of systems with

long-range interactions [22].

1 This constraint reduces the number of degrees of freedom per particle from three to two.
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A systematic analysis of Eq. (2) has been particularly undertaken for the α-XY model [7], whose

Hamiltonian is identical to Eq. (1), but n = 2, i.e., Si is treated as a two-dimensional classical

rotator, allowed to change its direction continuously inside a circle of unit radius. For this system,

it was shown both analytically [23, 28] and numerically [21, 23, 24, 30] that, for 0 ≤ α < d, the

prescription (2) associates to the α-XY model the same thermodynamical behaviour as the one

previously known for the case α = 0 [6]. Furthermore, the work of Ref. [28] has extended such a

result to a general n-dimensional Si (n = 1, 2, . . .) unit vector.

Although the model of Eq. (1) has been defined on a d-dimensional hypercubic lattice, from now

on we will restrict ourselves to a ring, i.e., a one-dimensional chain with periodic boundary conditions.

Based on its successful use for the above-mentioned systems, we will consider the scaling of Eq. (2)

for the present problem as well.

A. The Canonical-Ensemble Solution

Within a canonical-ensemble solution, the kinetic term K of the Hamiltonian in Eq. (1) does not

bring difficulties in the evaluation of average values. Hence, the nontrivial part for the calculation

of equilibrium properties of the Hamiltonian (1) comes from the interaction term V . This term

may become troublesome to deal analytically for dimensions d > 1, and to our knowledge, it has

been investigated analytically only for d = 1, i.e., the linear chain, in some particular regimes of α,

namely, α < d and α → ∞. The model on an open linear chain with nearest-neighbour interactions

(limit α → ∞) was solved exactly in Ref. [1], whose solution is equivalent to the one considering

periodic boundary conditions, in the thermodynamic limit [2] (see also Refs. [4, 5, 34]). On the other

hand, the fully-coupled limit (α = 0) corresponds to the case where the mean-field approach becomes

exact, so that the model may be solved through a relatively easy calculation (see, e.g., Ref. [8]). As

mentioned above, using the scaling of Eq. (2) the solution for α = 0 applies to all 0 ≤ α < d [28].

Therefore, considering the model of Hamiltonian (1) defined on a ring, i.e., a one-dimensional chain

with periodic boundary conditions, the solutions described above may be summarized, yielding for

the internal energy and magnetization per particle respectively (we work with units such that kB = 1),

U (M,T ) =





T +
1

2

[
1− L2 (M/T )

]
; if 0 ≤ α < 1 ,

T +
1

2
[1− L (1/2T )] ; if α → ∞ ,

(3)

M (T ) =






M = L (M/T ) ; if 0 ≤ α < 1 ,

M = 0 ; if α → ∞ ,

(4)

where M (T ) denotes the modulus of the magnetization vector,

M =
1

N

N∑

i=1

Si . (5)

In these equations, L(x) represents the Langevin function,

L (x) = coth x −
1

x
=

I3/2 (x)

I1/2 (x)
,
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FIG. 1: The good agreement between the analytical results [full lines, cf. Eqs. (3) and (4)] and data from

numerical simulations of a system composed by N = 10000 rotators, in the long-time limit (symbols), is

presented for the controllable-range inertial Heisenberg model defined by Eq. (1). (a) The kinetic temperature

T = 〈K(t)〉time/N (which coincides with the temperature T at equilibrium) versus the internal energy U ; (b)

The magnetization M versus the internal energy U . In panel (a) (in panel (b)) we compare numerical data,

for typical values of α, with the caloric curves (with the magnetization curve) in the cases 0 ≤ α < 1 [8, 28],

as well as in the limit α → ∞ [1, 2]. In the former case, one has a second-order phase transition at the

critical point (Tc = 1/3, Uc = 5/6) (dashed lines), separating the ferromagnetic (U < Uc) and paramagnetic

(U > Uc) phases. The metastable solution corresponding to the quasi-stationary state (QSS) that appears for

U < Uc, characterized by zero magnetization (shaded region), and presenting a lower kinetic temperature than

the corresponding equilibrium solution, is also represented.

and In(x) is the modified Bessel function of the first kind.

The analytical results presented above are displayed as solid lines in Fig. 1, where one finds a

continuous phase transition separating the ferromagnetic and paramagnetic states for values of α in

the interval 0 ≤ α < 1; for α → ∞, there is no phase transition at a finite temperature, so that

only the disordered phase with M = 0 exists. In the first case, at sufficiently high temperatures

(or equivalently, high enough energies), the directions of the {Si} become randomly distributed,

corresponding to the paramagnetic disordered phase, where one has the order parameter M = 0.

At the fundamental state all spins are parallel, corresponding to the ferromagnetically fully ordered

case with M = 1. Hence, for all cases 0 ≤ α < 1, in between these two regimes, a continuous phase

transition occurs at a critical temperature Tc = 1/3, with an associated critical energy Uc = 5/6 ≈

0.833.

B. Equations of Motion

Herein we work with Cartesian components for the spin variables and angular momenta, written

respectively as Si = (Sxi
, Syi, Szi) and Li = (Lxi

, Lyi, Lzi), yielding 6 variables for each rotator.

Hence, the set of 6N equations to be solved numerically can be cast in the following form [35],

L̇i = Si ×



1

Ñ

N∑

j=1
j 6= i

Sj

r α
ij


 , (6a)

Ṡi = Li × Si , (6b)
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for i = 1, 2, . . . , N . One notices that, in the particular case α = 0, the expression for L̇i used in

previous works [8, 26] is recovered, namely, L̇i = Si ×M [where M represents the magnetization per

particle of Eq. (5)].

It is important to remind that Eqs. (6a) and (6b), written in the Cartesian representation, are not

canonical equations of motion, since Sµi
and Lµi

(µ = x, y, z) do not represent canonically conjugate

pairs. Alternatively, one could also work along the line of Refs. [27, 36], by using spherical coordinates

in order to write the spin variable as Si = (cosϕi sin θi, sinϕi sin θi, cos θi) and the squared angular

momentum in the corresponding Lagrangian as L2
i = L2

θi
+ L2

ϕi
/ sin2 θi. In this representation, one

can derive equations of motion through the usual Hamiltonian formalism, where each rotator is

characterized by two angles, θi ∈ [0, π) and ϕi ∈ [0, 2π), and their canonically conjugate momenta,

Lθi and Lϕi
. Although the use of spherical coordinates, instead of the Cartesian ones of Eqs. (6a)

and (6b), seems to be a natural way to handle the problem, the denominator sin2 θi that appears

in L2
i becomes hard to be tackled numerically. Indeed, as sin θi approaches zero, one needs to

decrease the time step used in the integrations of the equations of motion, in such a way that the

computational time may increase substantially. This difficulty has been discussed in the literature

by several authors [37–39], where numerical techniques for circumventing it were proposed.

Based on the above-mentioned reasons, herein we shall deal with the equations of motion expressed

in terms of Cartesian components, as in Eqs. (6a) and (6b). It is straightforward to verify that, in

addition to the total energy, the total angular momentum, L =
∑N

i=1Li, as well as the norm of each

spin, Si = [Si · Si]
1/2, are also integrals of motion. Indeed, evaluating the time derivative of Si and

taking into account that Ṡi ⊥ Si, we get

dSi

dt
=

Ṡi · Si

Si
= 0 .

Similarly for L̇,
N∑

i=1

L̇i =

(
N∑

i=1

Si

)
×

(
1

Ñ

N∑

j=1

Sj

rαij

)
= 0 .

It should be stressed that the equation of motion (6a) corresponds precisely to the Euler equation for a

linear rigid body of unit length (and unit inertial moments). In such system the angular momentum Li

is always perpendicular to Si (the “molecular” axis), yielding the constraint Li · Si = 0, to be

incorporated in the initial state. Once this additional constraint is imposed, it will hold throughout

the whole time evolution, since the product Li · Si is also a constant of motion, as we can verify by

using Eqs. (6a) and (6b),
d

dt
(Li · Si) = L̇i · Si + Li · Ṡi = 0 . (7)

C. Numerical Procedure and Initial Conditions

All our molecular-dynamical simulations were carried for a single copy of the system defined by

Eq. (1), considering fixed values of the total number of rotators N and energy per particle U . Since

we are applying periodic boundary conditions, the model of Eq. (1) becomes defined on a ring,

with rij corresponding to the minimal dimensionless distance between rotators i and j, taking the

values 1, 2, 3 . . .N/2, for each rotator i. To integrate the 6N equations of motion [Eqs. (6a) and (6b)]

we have used a standard fourth-order Runge-Kutta scheme, with an integration step chosen in such

a way to yield conservation of the energy per particle within a relative fluctuation smaller than 10−5;
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this was achieved with a time step typically2 of δt = 0.02.

The initial conditions used were such that each angular momentum component Lµi
(µ = x, y, z)

was drawn at random from a uniform distribution, and then rescaled to yield zero total angular

momentum for the whole system. In what concerns the variables Sµi
, the initial conditions corre-

sponded to those of zero magnetization, achieved numerically as M ≈ 0 (typically ∼ 10−3). For

this, the components Sxi
and Syi were also drawn at random from a uniform distribution within the

interval [−1, 1], whereas the components Szi were set in such way to preserve the constraint Li ·Si = 0

(∀i), i.e., through3 Szi = − (Lxi
Sxi

+ LyiSyi) /Lzi . This procedure leads to unnormalized spins, which

are then normalized by dividing each component by
√
S2
xi
+ S2

yi
+ S2

zi
; finally, all Lµi

’s were rescaled

again to obtain precisely the desired total energy U . Consistently with Eqs. (3) and (4), initial con-

figurations with zero magnetization like the one just described above, only applies to a total energy

U > 1/2.

III. RESULTS

Although we are dealing with three Cartesian components for the angular momenta (Lxi
, Lyi and

Lzi), due to the constraint Li · Si = 0 only two of these components are independent. Let us then

define the instantaneous kinetic temperature as given by T (t) = K (t) /N . Since we are working

with a single copy of the system defined by Eq. (1), the time average at the equilibrium state should

be identified with the thermodynamic temperature, T = 〈T (t)〉time, and in a similar way, one has for

the equilibrium magnetization, M = 〈M (t)〉time. As it will be shown later on, such time averages

should be computed after a sufficiently long time, where both T (t) and M (t) fluctuate around the

values predicted by Boltzmann-Gibbs (BG) statistical mechanics. In this regime, where ergodicity

is expected to hold, time averages and ensemble averages should coincide.

In figure 1 we present results from analytical calculations (full lines) and data from numerical

simulations in the long-time limit (symbols), for the controllable-range inertial Heisenberg model of

Eq. (1). In figure 1(a) we represent the kinetic temperature versus the internal energy U , whereas in

Fig. 1(b) we do the same for the magnetization. As mentioned above, at equilibrium, an average over

the quantity T (t) is expected to coincide with the temperature T (obtained from the equipartition

theorem), so that for the analytical results presented, the vertical axis of Fig. 1(a) corresponds

precisely to the equilibrium temperature T , whereas for the numerical ones, it represents the quantity

computed from a time average. All data shown in Fig. 1 for both temperature and magnetization

coincide with the analytical results, showing that the equilibrium state considered numerically should

be the one predicted by BG theory. The canonical-ensemble solution of the case α = 0 (see, e.g.,

Ref. [8]) is represented by the full line in Fig. 1(a) (usually known as the caloric curve), presenting a

discontinuity in its slope at the critical point (Tc = 1/3, Uc = 5/6), where the magnetization becomes

zero. According to Ref. [28], the equilibrium analytical solution of the case α = 0 should apply to

any 0 ≤ α < 1, so that the corresponding full lines in Figs. 1(a) and (b) hold for any α in this

range. Such a universal behaviour was verified numerically for the α-XY model [21, 23, 24, 30],

2 A substantial gain in computational time was obtained, in the simulations with α 6= 0 and larger values of N , by

using a Fast-Fourier-Transform algorithm. To implement this technique we have used the FFTW library http://

www.fftw.org.
3 It should be mentioned that this constraint was not used in Refs. [8, 26], so that Li · Si = δi (δi ∈ [−1, 1]) in these

works, at the beginning of the simulations. However, it was verified numerically that δi was also a constant of

motion, in such a way that Eq. (7) remained true (∀i).

http://www.fftw.org
http://www.fftw.org
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FIG. 2: Time evolution of the dimensionless quantity T (t)/TBG for typical values of the total energy U (U < Uc),

for a single copy of N = 10000 Heisenberg rotators, in the cases α = 0.0, 0.4, and 0.8 (from top to bottom).

For each value of U , the corresponding equilibrium temperature TBG is obtained from the caloric curve in Fig. 1.

The time is also dimensionless and each unit of (physical) time t corresponds to 50 iterations of the equations of

motion.

and it is now established herein for the Heisenberg model, as displayed in Fig. 1 for typical values

of 0 ≤ α < 1. For completeness, in Fig. 1(a) we also present the solution corresponding to the

quasi-stationary state (QSS) hat appears for U < Uc, characterized by zero magnetization, leading

to T = U − 1/2, and presenting a lower kinetic temperature than the corresponding equilibrium

solution. It was essentially within the energy range 0.70 . U < Uc = 5/6 that QSSs have been

investigated within the present numerical investigation. In the limit α → ∞ our model recovers the

nearest-neighbour-interaction inertial Heisenberg model on a linear chain, for which the interaction

part was solved exactly in Refs. [1, 2], and shown to present zero magnetization for all T > 0;

consequently, its caloric curve exhibits the smooth behaviour indicated in Fig. 1(a). In this case, our

simulations for α = 10 are in full agreement with the results of the analytical solutions.

In figure 2 we exhibit the time evolution of T (t) (conveniently rescaled in each case by the cor-
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FIG. 3: Time evolution of the kinetic temperature T (t) = K(t)/N for a single realization of N = 10000

Heisenberg rotators defined by Eq. (1), with a total energy U = 0.76, and several values of the interaction-

range parameter α. The upper horizontal dashed line, at T∞ ≈ 0.4362, represents the Boltzmann-Gibbs (BG)

equilibrium temperature of the corresponding α → ∞ model [cf. Eq. (3)]. The dashed horizontal line at TBG ≈

0.3118 indicates the BG equilibrium temperature for 0 ≤ α < 1 [see Eqs. (3) and (4)], whereas the lower horizontal

line, at T = U − 1/2 = 0.26, corresponds to the QSS temperature characterized by zero magnetization. In the

range 1 ≤ α < ∞, no analytical solution is available, as far as we know. The time is dimensionless and each unit

of (physical) time t corresponds to 50 iterations of the equations of motion.

responding equilibrium temperature TBG) for typical values of energies, U < Uc = 5/6 ≈ 0.833, and

α = 0.0, 0.4, and 0.8. Simulations were carried for a single copy of N = 10 000 rotators, consider-

ing the above-defined initial conditions, for sufficiently long times (up to times slightly larger than

t = 107 in some cases). For all energies investigated, in the range 0.70 ≤ U ≤ 0.83, we have verified

the existence of QSSs and after these, a crossover is observed to a state whose temperature and mag-

netization coincide with those obtained analytically within BG statistical mechanics. For a given

value of α one has that: (i) The lower energies have produced QSSs with smaller durations tQSS,

and one observes that tQSS increases substantially as one approaches the critical energy; (ii) The

gaps separating T (t) of these QSSs and their corresponding values of equilibrium temperatures TBG

are larger for smaller energies, dropping to zero as U → Uc. On the other hand, for a fixed total

energy, higher values of α yield smaller tQSS, and it will be shown later on that these durations

tend to zero as α → 1. Therefore, the QSSs disappear in both limits U → Uc and α → 1. The

existence of QSSs for energies below, but sufficiently close to Uc, is well known to occur in the HMF

and α-XY (with 0 < α < 1) models, and it has been found analytically and numerically by many

authors [9–18, 24, 29, 30]. Moreover, the most interesting characteristic of such states concerns an

increase in their lifetime with the total number of rotators N ; this property will also be verified for

the present model.

The QSSs shown in Fig. 2 appear throughout the whole range 0 ≤ α < 1, as exhibited in Fig. 3 for

several values of α. Each case corresponds to molecular-dynamics simulations of a single realization

of N = 10 000 Heisenberg rotators defined by Eq. (1), with a total energy U = 0.76. One sees that

the lifetime of these QSSs decrease for increasing values of α in the range 0 ≤ α < 1 and that all
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FIG. 4: Part of the caloric curve for the cases 0 ≤ α < 1 [cf. Fig. 1(a)] is exhibited for energies U ≤ Uc (full

line). The range of energies over which QSSs were verified numerically is shown for both zero magnetization

(dashed line), as well as for M > 0. The symbols correspond to data associated with the kinetic temperatures of

the QSSs, obtained from numerical simulations for a single copy of a system composed by N = 10000 rotators,

in the cases α = 0.0, 0.4, and 0.8.

QSSs occur at a kinetic temperature corresponding to zero magnetization (or slightly larger than

zero), i.e., T & U − 1/2 = 0.26. After these QSSs, the system approaches the BG equilibrium

temperature (TBG ≈ 0.3118), associated to its energy through the caloric curve of Fig. 1. At α ≈ 1

one notices a crossover from the existence of these metastable states to a smooth gradual increase

in the kinetic temperature, such that for α > 1 there is no clear evidence of QSSs. Finally, for a

sufficiently high value of α (e.g., α = 10), the long-time behaviour of the kinetic temperature T (t)

gradually approaches the BG equilibrium temperature of the corresponding α → ∞ model, i.e., the

nearest-neighbour-interaction model (T∞ ≈ 0.4362). Our numerical results however do not exclude

a possible finite-size dependence of these short-lived QSSs for α & 1, as already found in the α-XY

case [40]. However, no dependence on N is expected for α ≫ 1, since the interaction potential

becomes effectively short range in this limit.

An important question concerns the range of energies over which the above-mentioned QSSs exist.

In figure 4 we present part of the caloric curve for 0 ≤ α < 1, corresponding to energies U ≤ Uc (full

line). Numerical simulations for a single copy of N = 10 000 rotators, in the cases α = 0.0, 0.4, and

0.8, show that the QSSs characterized by M = 0 (symbols along the dashed line) exist within the

range 0.70 . U < Uc , in agreement with the results of Fig. 2. However, as one goes further below the

critical point, roughly for 0.50 < U < 0.70, QSSs are still found numerically, although characterized

by finite values of magnetization, in spite of the initial conditions of zero magnetization considered.

Such states are understood due to the prevalence of the ferromagnetic couplings for sufficiently low

values of U , and they may be observed more clearly in the case α = 0.0, being sometimes difficult to

be identified for higher values of α (e.g., α = 0.80). It should be noticed that within a small energy

range (typically U . 0.70), the QSSs yield a negative microcanonical specific heat. Although this

represents a well-known feature for the HMF model (see discussion in Ref. [15]), it is the first time

that such a result is verified for a system of Heisenberg rotators, to our knowledge. The numerical

data of Fig. 4 suggests that a negative specific heat should occur for 0 ≤ α < 1.
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FIG. 5: Typical QSSs presented in Figs. 2 and 3 are analysed for varying system sizes, showing an increase in

their lifetime tQSS as N increases.

The most interesting feature of the QSSs presented in Figs. 2 and 3 concerns an increase in tQSS

for increasing N , as shown in Fig. 5, where we analyse the QSSs for an energy U = 0.76 in the

cases α = 0.0, 0.4, and 0.8, by varying the system sizes. It should be mentioned that, in order to

identify QSSs clearly within the present approach, we had to simulate systems with sufficiently high

values of N (essentially, N = 2 500 or higher). Hence, in Fig. 5 such a behaviour is presented for

typical values of N in the range from N = 2 500 up to N = 30 000, for the smaller values of α (i.e.,

α = 0.0 and 0.4); however, in the case α = 0.8 the observation of QSSs becomes more difficult,

in such a way that one needs to simulate larger values of N (e.g., N = 5 000 or higher) for this

purpose. The growth of tQSS for increasing N represents a well-known feature in models of rotators,

like the HMF and α-XY (with 0 < α < 1) models [9–17, 24, 29, 30], as well as the inertial Heisenberg

model [8, 26, 27], yielding significant physical consequences, some of them directly related to the

applicability of BG statistical mechanics. More specifically, the order in which the thermodynamic

limit (N → ∞) and the infinite-time limit (t → ∞) are considered becomes mostly relevant in the

present case, in such a way that if the thermodynamic limit is carried first, one should remain in

a QSS forever. This may be viewed as a breakdown of ergodicity, with the system being trapped

in a QSS, never reaching the BG equilibrium state; consequently, time averages and ensemble averages

do not coincide, violating a basic assumption of BG statistical mechanics. The QSS represents the

final state in this case; whether it should be interpreted as a truly equilibrium thermodynamical one

represents an important question beyond the scope of the present work.

Herein we have defined the duration tQSS of a given QSS (e.g., those exhibited in Fig. 5), as the
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FIG. 6: The growth of the lifetime of the QSSs (tQSS) with respect to the size of the system is presented, for a

fixed energy (U = 0.76) and three typical values of α (α = 0.0, 0.4, and 0.8). Symbols correspond to data from

numerical simulations, whereas full lines stand for the fits proposed. In the inset we exhibit the same data in a

log-log representation.

time at which T (t) presents its halfway between the values at the QSS and its corresponding TBG.

The fact that we are computing this time interval starting from t = 0, including a short transient

regime before reaching the QSS, does not affect our final results, since this small transient becomes

negligible in the final computation of tQSS, for sufficiently large values of N . According to this, the

growth of tQSS with the total number of rotators N , for a given energy (U = 0.76) and three typical

values of α (α = 0.0, 0.4, and 0.8), is exhibited in Fig. 6. In the three cases investigated, these

behaviours are fitted by power laws, tQSS ∼ Nγ (as shown in the respective inset, where the same

data is presented in a log-log representation), with the exponent γ decreasing as α increases, e.g.,

γ ≈ 1.69 (α = 0.0), γ ≈ 1.54 (α = 0.4), and γ ≈ 0.62 (α = 0.8). In the first case, our estimate agrees

with the one of Ref. [27] (see also [41]), where γ ≈ 1.70 was computed. Curiously, such an estimate

has also been found numerically for QSSs of the HMF model, with similar initial conditions (zero

magnetization) [10], being supported through analytical approaches in Ref. [16]. One should mention

that in the case α = 0.8 the QSSs are more difficult to be observed, appearing only for sufficiently

high values of N , such that data points for smaller N are not exhibited. In spite of such difficulties,

our simulations suggest that one should have γ → 0 in the limit α → 1. Although relevant, it is not

possible to propose a particular scaling behaviour describing the decrease of γ with respect to α, on

the basis of the present numerical simulations. Such a scaling deserves further computational efforts,

from which one could obtain a larger number of data points for an appropriate plot of γ versus α

(see, e.g., Ref. [42] for the XY case).

The behaviours of the duration tQSS of the present QSSs with respect to the total energy U ,

as well as its decrease with the parameter α are presented in Fig. 7. In figure 7(a) we exhibit

data of simulations of N = 10 000 rotators, for three values of α (α = 0.0, 0.4, and 0.8), varying

the energy in the range 0.70 ≤ U < Uc . These results show that tQSS grows exponentially for

increasing U in this range, as can be seen more clearly through the log-linear representation in the

inset. Although tQSS may become very large as U → Uc, from the plots of Fig. 2 one sees that the

gap between the kinetic temperature of each QSS and the equilibrium state, represented by TBG,
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FIG. 7: Behaviours of the lifetime of the QSSs (tQSS), with respect to the energy U and to the interaction-range

parameter α, are shown. (a) Fixed number of rotators (N = 10000), three typical values of α (α = 0.0, 0.4, and

0.8), varying the energy in the range 0.70 ≤ U < Uc ; the same data are exhibited in a log-linear representation

in the inset. (b) Fixed energy (U = 0.76), three values for the total number of rotators (N = 10000, 20 000, and

30 000), varying α in the range 0 ≤ α ≤ 1; the data for N = 10000 are exhibited in a linear-linear representation

in the inset. Symbols correspond to data from numerical simulations of a single copy of the Hamiltonian in

Eq. (1), whereas full lines stand for the fits proposed.

decreases as U approaches Uc. Hence, in this case, the QSSs disappear by means of the difference

between these two quantities, which goes to zero as U → Uc, so that for U & Uc one finds no QSSs.

The dependence of tQSS on the interaction-range parameter α (0 ≤ α ≤ 1) is presented in Fig. 7(b),

where we exhibit data of simulations for the energy U = 0.76 and three values for the total number

of rotators (N = 10 000, 20 000, and 30 000). In the log-linear representation, one sees that these

results do strongly depend on N , although they are all suggestive that tQSS → 0 as α → 1; more

particularly, the linear-linear representation of the inset indicates this tendency more clearly in the

case N = 10 000.

IV. CONCLUSIONS

We have carried molecular-dynamics simulations on a one-dimensional Hamiltonian system, com-

posed by N classical localized Heisenberg rotators on a ring. We have considered the two-body

interaction characterized by a distance rij between rotators at sites i and j, decaying with the dis-

tance rij as a power law, 1/rαij (α ≥ 0). In this way, one may control the range of the interactions

by changing the parameter α, and specially, two well-known cases may be recovered, namely, the

fully-coupled (i.e., mean-field limit) and nearest-neighbour-interaction models, in the limits α = 0

and α → ∞, respectively. For the first time in the literature, we have numerically established the

validity of the correct scaling for spin dimensionality n > 2. Considering this scaling, one obtains

the same thermodynamical behaviour for any α in the range 0 ≤ α < 1, as analytically predicted in

Ref. [28].

We have investigated the dynamics of the model by following the time evolution of a single copy of

rotators, for energies U below its critical value (U < Uc), considering initial conditions corresponding

to zero magnetization. Analogously to what happens for the similar model of XY rotators, we have

verified the existence of quasi-stationary states (QSSs) for values of α in the range 0 ≤ α < 1.

But, in contrast to the XY rotators, the allowed number of initial conditions of the present model
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is substantially larger. The particular types of initial conditions that will lead the system to robust

QSSs was discussed, representing a very relevant matter for further analytical investigations. For

a given energy U , our numerical analysis indicated that the durations tQSS grow by increasing N ,

following a power law, tQSS ∼ Nγ , where the exponent γ gets reduced for increasing values of α

in the range 0 ≤ α < 1; particularly, our results suggest that γ → 0 as α → 1. The relevance

of establishing the growth of tQSS with N accurately, achieved herein by considering sufficiently

large values of N , may be assessed if one takes into account the fact that in spite of the large

amount of effort dedicated to the α-XY model, this matter is still controversial for this system (see,

e.g., Refs. [16, 18]). The particular scaling behaviour, describing the decrease of γ with respect

to α, requires further computational efforts and is left for future investigations. Moreover, for the

initial conditions and energy range considered, we have shown that the duration of the QSSs grows

exponentially with the energy, tQSS ∼ exp(bU), for N and α fixed. Our simulations have indicated

that the gaps separating the kinetic temperature of these QSSs and their corresponding equilibrium

temperatures TBG become larger for smaller energies, dropping to zero as U → Uc. In this way,

the QSSs disappear by means of the difference between these two quantities, which goes to zero

as U → Uc, so that for U & Uc one finds no QSSs.

We have found QSSs over a wide range of energies, typically for 0.50 < U < Uc (Uc = 5/6),

although these states presented zero magnetization throughout a smaller interval, 0.70 . U < Uc. It

should be mentioned that we have chosen to explore more deeply the QSSs associated with a given

value of energy (U = 0.76), where such states could be observed easily through simulations of a

single copy of rotators. However, the results presented herein for this particular energy should be

valid for any similar QSS (characterized by zero magnetization) in the range 0.70 . U < Uc. By going

further below the critical point, roughly for 0.50 < U < 0.70, QSSs were still found numerically, but

in contrast to the above-mentioned ones, they are characterized by finite values of magnetization,

in spite of the initial conditions of zero magnetization considered. Within a small energy range

(typically U . 0.70), the numerical data of the kinetic temperature of these QSSs versus U yielded

a negative microcanonical specific heat. Although this represents a well-known feature for the HMF

model, it is the first time that such a result has been verified for a system of Heisenberg rotators, to

our knowledge.

The particular case α = 0.0 of the present analysis (carried herein for the Cartesian compo-

nents of angular momenta and spin variables), coincides precisely with the one of Ref. [27], which

have considered angular variables and their corresponding canonically-conjugated angular momenta.

Herein, we have extended these results for power-law decaying interactions among spin variables, by

investigating situations characterized by α > 0, showing that interesting QSSs appear for any α in

the range 0 ≤ α < 1. Due to the wide diversity of possibilities for initial conditions in both spins

and angular momenta in the present model, investigations for QSSs under initial conditions different

from the ones considered herein would be highly desirable.
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