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Abstract
An exact expression for the time-averaged electromagnetic energy within a
magneto-dielectric coated sphere, which is irradiated by a plane and time-
harmonic electromagnetic wave, is derived. Both the spherical shell and core
are considered to be dispersive and lossy, with a realistic dispersion relation
of an isotropic non-Lorentz-type split-ring resonator metamaterial. As an ap-
plication, we calculate the energy-transport velocity in a disordered medium

consisting of dispersive and lossy metamaterial coated spheres.
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1. Introduction

Electromagnetic (EM) scattering by small particles is a fundamental topic in classical electro-
dynamics. It has a broad range of applications, including biology, meteorology, astronomy,
and medicine. Historically, a complete solution for homogeneous spheres with arbitrary size
was first derived, in an independent way, by Lorenz and Mie more than a century ago [1, 2.
For this reason, this solution is today widely known as Lorenz-Mie solution. Despite its long
history, the research on EM scattering still reveals surprises. Giant resonances that anoma-
lously increase with the resonances order (dipole, quadrupole, etc.) [3], the formation of
complex field structures with vortices inside scattering particles [4], and the superscattering
of light in subwavelength structures, in which the single-channel limit can be overcome [5],
are some examples of interesting, unexpected, and basic phenomena that have been recently
unveiled in the field of EM scattering.

Most of these recent results have been driven by the extraordinary technological progresses
in the emerging field of nanophotonics. In this field, the understanding of the interaction
between EM radiation and individual nanostructures is crucial. Indeed, one of the most
important challenges is to confine light at the subwavelength scale, leading to an enhance-
ment of the EM field. The excitation of plasmons localized at the surface of nanoparticles
is a common strategy to achieve such enhancement [6]. The investigation of EM scattering
by metallic nanoparticles provides important insights on the understanding and control of
the excitation of surface plasmons. It allows the optimization of the field enhancement, and
hence the design of novel photonic devices. One important example is the metallic coated

spherical nanoparticle. The Lorenz-Mie solution for this geometry, first obtained by Aden



and Kerker [7], provides the theoretical basis for many applications, such as the radiative
heat transfer at the nanoscale [8], the off-resonance field enhancement in EM scattering [9],
and the spaser-based nanolaser [10].

In the last decade, the development of metamaterials has opened up new frontiers in
photonics. Metamaterials exhibit unusual optical properties, with no counterpart in natural
media, that can be exploited to generate negative refraction [11], resolve images beyond
the diffraction limit [12], exhibit optical magnetism [13, 14], and act as an electromagnetic
cloak [15, 16]. As many fundamental aspects of classical electrodynamics, EM scattering has
been revised due the advent of metamaterials and the possibility of negative refraction [17-
19]. Interestingly, it was demonstrated that negative refraction is at the origin of departures
from the well-known Rayleigh law [19]. The related problem of the EM energy density stored
in dispersive metamaterials, including unavoidable losses and realistic effective constitutive
parameters for both split-ring-resonators (SRR) [20-22] and chiral metamaterials [23], has
been treated recently. As far as we are aware, the case of the EM energy density within
coated spheres, an important geometry for applications in photonics, made of metamaterials
has never been treated so far.

The aim of the this paper is to fill this gap by investigating the EM energy density within
coated spheres made of dispersive metamaterials, including losses and realistic material pa-
rameters. To accomplish this, we use the magnetic Aden-Kerker solution [1] for the internal
EM field to obtain an exact expression for the time-averaged EM energy within a disper-
sive spherical shell and core. This generalizes the results already obtained for homogeneous

spheres irradiated by plane waves [24-27], and allow us to analyze the resonances inside



the core and shell separately. Both dispersion and losses are taken into account, as well as
realistic effective parameters for wires-SRR metamaterials.

This paper is organized as follows. In Sec. 2, the expressions of the internal EM field
inside the coated sphere are explicitly derived. Section 3 is devoted to the calculation of the
time-averaged EM energy density, the main result of this paper. The dispersion relations
associated with a wires-SRR metamaterial are presented in Sec. 4. Section 5 is reserved to

the numerical results whereas in Sec. 6 we provide a summary of our main conclusions.

2. Aden-Kerker solution

Let (E,H) be a plane and complex EM wave with time-harmonic dependence exp(—wwt),
where w is the angular frequency, and electric field amplitude is Ey. This wave is incident
to a magneto-dielectric coated sphere with inner radius a and outer one b. The involved
media are assumed to be linear, homogeneous and isotropic, with scalar electric permittivity
and magnetic permeability (€1, p1) for the core (0 < r < a), (g, u2) for the spherical shell
(a <r <), and (e, po) for the surrounding medium (r > b), with the last one considered
to be the free-space [1]. Under these assumptions, the macroscopic Maxwell’s equations
for non-optically active media provide the vector Helmholtz equation [V? + k?](E, H) =
(0,0), where k = 27/\ is the wave number and \ is the wavelength of the radiation in
the respective medium. The solutions of this equation for each region above delimited,
which are a generalization of the Lorenz-Mie solutions [1, 2], are known as the Aden-Kerker
solutions [1, 7]. Solving this vector equation, the scalar components of the internal EM fields
(E;,H,) in the spherical coordinate system (7,6, ¢) inside the spherical core (¢ = 1) and

shell (¢ = 2) are explicitly given [1, 7, 26]:



e fj Byl + 1 {5vadutin(p0) + 624 lgntin(pg) — woalpa)l} (1)
B — 222 fj B (o [ewmatin () — ol ()

02,4 {700 [fat0n(Pg) = vnXn(Pg)] = 1T (900 (Pg) — WX (p)]}) 5 (2)
Eqy = Si;lqd) g En (014 [1dnmntl), (pg) — caTntbn(pg)]

02,4 {17 (9001, (Pg) — WX, (Pg)] = T [Futon(pg) = vnxn(p)]}) 5 (3)
Hy = PR ORE S Bontnt Ve st + g i) = vona(e)l} ()
Hy = fand i B (B [t p4) — 1607, ()]

+024 {7 [9n¥n(pg) = WaXn(0g)] = 170 [fat(Pg) = vaxn(0a)]}) 5 (5)
Hoy = B2 By ) = e 0]

‘|‘52,q {Tn [9n¢n(pq) - wan(pq)] — 1Ty [fnw;z(pq> - UnX; (pq)]}) ) (6)

where p, = k,r, with k, being the wave number in the medium (e, 1,), 64,4 is the Kronecker
delta and E,, = 1"Ey(2n+1)/[n(n+1)] [1]. The radial functions v, (p,) = pein(p,) and
Xn(pg) = —peyn(py) are the Riccati-Bessel and Riccati-Neumann functions, respectively,
where j,, is the spherical Bessel function and y, is the Neumann function. The angular
functions are m, = P!(cosf)/sinf and 7,, = d[P!(cosf)]/df, where P! is the associated
Legendre function of first order. The expressions for the incident and scattered EM fields in

terms of vector spherical harmonics and the scattering coefficients a,, and b,, can be found

in [1].



Imposing the continuity of the tangential components of the EM fields at the interfaces
(r = a and r = b) between the media, we obtain the multipole moments, known as the

Aden-Kerker coefficients, in the magnetic approach (1, # po) [1, 7):
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with the auxiliary functions expressed by
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The quantities x = ka and y = kb are the size parameters related to the inner and the outer

spheres, respectively, with &k being the incident wave number. The function &,(p,) = ¥ (pg)—
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1Xn(pq) is the Riccati-Hankel function. The refractive and impedance indices are m, =
ko/k = leqity/(€oit0)]/? and m, = pomy/pq = [eqtto/ (copq)]? [28-30], respectively (with
q = 1 for the core and ¢ = 2 for the shell). In particular, for numerical calculations involving
materials with negative refractive indices (the real parts of permittivity and permeability
are both negative), it is convenient to write m, = (e,/€0)"?(11q/t0)"/?, since 12 = —1 and,
thereby, Re(m,) < 0. Note that, for a homogeneous sphere, i.e., m; = my and m; = ma,
one has A, = B, = 0 and, therefore, the usual Lorenz-Mie coefficients are recovered [1].
The same result holds either in the limit of zero core (a — 0, homogeneous sphere of radius

b) or zero shell (a — b, homogeneous sphere of radius a = b) [1].

3. Time-averaged internal energy

Consider a time-harmonic EM field (E,, H,) confined to a homogeneous and isotropic
medium which is restricted to a spherical shell (I; < r < ly), with complex optical con-
stants €, = €, + 1€, and i, = p; + 1y, The time-averaged EM energy (W, = (W,);) stored

inside this region can be calculated by means of the equation [31]

21 1 lo
W, (1, 1) = / d¢/ d(cose)/ dr 2 () (15)
0 -1 I
where (u,): = (ug):(r, cos 8, ¢) is the corresponding time-averaged energy density:

1 € €
(ug)e = 7 [ B + ue [H, ] (16)

with e((]eﬁ) and uﬁff” being the effective electric and magnetic energy coefficients, respec-

tively [21]. Specially, for dispersive and weakly absorbing medium (€, > €], p; > ), one



has the positive definite coefficients [31]
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If the lossless medium (¢4, 1) is also non-dispersive, one readily obtains e((fff) = e; and ,uéeﬁ) =

py from Eqgs. (17) and (18) [24, 31]. To guarantee the positiveness of the EM energy density,
this last result imposes that materials with both €, < 0 and p;, < 0 are necessarily dispersive.
We stress that, for lossy and dispersive materials, however, the quantities [effﬂ), uf]eﬂ)] in
Eq. (16) cannot be calculated using Eqs. (17) and (18). Indeed, these quantities depend on
the approach and the model used to describe the dispersion relations [21, 31].

If the shell has the same optical properties as the surrounding medium (€, jo), which is

assumed to be non-dispersive and non-absorbing, one has

2
Wo(ll, l2> = g’/’T‘E@’QEQ(lg — lzl)’) . (19)

In addition, for m, # m; (¢ = {1,2}), one has an analytical expression for the integral
that appears in the radial part of Eq. (15), which involves product of the spherical Bessel
and Neumann functions [32]. For sake of simplicity, we define the dimensionless function [26,

27, 33]
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where z, e Z, may be any spherical Bessel or Neumann functions, and l;,l; € IR are the
limits of integration. In the situation, in which m, = £m} (¢ = {1,2}), using L’Hospital’s
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rule and recurrence relations involving spherical Bessel and Neumann functions [32], we

obtain
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where one must necessarily choose ggfi) = 1, for my = m} [i.e., Im(m,) = 0]. For m, = —m;

[Re(m,) = 0], according to the definition in Eq. (21), one has the following combinations:
o) = o) = (=1)" and ") = o) = (=1)"*1, since ju(—p) = (=1)"ju(p) and y,(—p) =
(—=1)"* 1y, (p) [32]. Egs. (20) and (21) are quite suitable to simplify the expressions associated
with the average internal energy [24, 26, 27, 33] and intensities [34], and it is the first time
that these general formulations, including both Bessel and Neumann functions, are used in
this context of magnetic scatterers.

In the spherical core (0 < r < a), separating the electric and magnetic fields contributions
to the average EM energy, that is, Wip = [, Bre™|E;|2/4 and Wiy = b, BrplMH, |2 /4,

with V; being the respective region of integration, we obtain, respectively:
Wig(0,a) 3 el &

Wo0.a) — 116—0 {(Qn—l— 1)[ea2Z07(0, a) + |dy|? [nzl({gil(o,a) +(n+ 1)11({7{)_1(0,(1)} } . (22)
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where we have used Egs. (1)-(6), (15), (19) and (20) [or (21)] for ¢ = 1, I; = 0 and
ly = a. The radial and angular contributions have been simplified by applying the rela-

tions (2n + 1) fjl d(cos 0)m,m, sin? @ = 2n(n + 1), 0, (2n + 1) fjl d(cos 0) (T T + TnTw) =
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2n%(n + 1)24,,,» and fjl d(cos 0)(m,Tp + Tmnr) = 0 [1, 26]. Therefore, from Egs. (22) and
(23), we calculate the average EM energy within the core as the sum of the electric and

magnetic contributions:
Wl(O, CL) = WlE(O, CL) + WlH(O, CL) . (24)

These results, which are not straightforwardly obtained, are in agreement with the papers
of Bott and Zdunkowski [24] in the nonmagnetic approach (11 = o) and Ruppin [27] for a
Lorentz-type permeability. Some details of these calculations for the magnetic case (11 # po)
can be found in the paper of Arruda and Martinez [26].

Analogously, in the shell region (a < r < b) we obtain the electric and magnetic contri-

butions to the average EM energy, respectively:

W2E(a/ b
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for the electric field E,, and

(eff) oo

Wor(a,b) 3, 5 u . ’
R L Z{<2n+1>|gnr2zéﬁz><a,b>+|fn|2 T, () + (0 + DTS (a,0)

n=1

+2n -+ D)lwa T8 (0, 0) + oal? [nTE (0,6) + (0 + 1DIE (0, 5)
—|—2Re{(2n+ 1)gaw:Z8% (a,0) + fo), (nzggH(Q b) + (n+ 1)15{,%{’_1(@,19)) ” ,
(26)

11



for the magnetic field Hy, where we have employed Egs. (1)—-(6), (15), (19) and (20) [or (21)]
for ¢ = 2, l; = a and l; = b. The average EM energy within the spherical shell is readily

calculated by the expression
WQ(CL, b) = WQE(G, b) + I/VQH(CL7 b) . (27)

From Egs. (24) and (27), we finally calculate the effective time-averaged EM energy
within the magneto-dielectric coated sphere as the sum of the average energies stored in the

spherical core and shell:
Wi.a(a,b) = Wi(0,a) + Wa(a,b) . (28)

Therefore, given the constitutive parameters associated with the media (g, ty), ¢ = {1,2},
one can readily determine the respective average EM energy inside the spherical particle by

means of Eqs. (22)-(28).

4. Dispersive metamaterial

A composite isotropic metamaterial (€, f1,), consisting of an array of wires and an array of

split-ring resonators (SRR), can be described by the effective scalar quantities [11]

e(w) = € [1 — Mww—_gw} ) (29)
Fu?
(w? —wd) + sz]

pe(w) = po {1 -

where w;, and wy are the effective plasma and resonance frequencies associated with the wire
and the SRR media, respectively. The dimensionless factor F' is the fractional area of the

unit cell occupied by the interior of the split ring, and v and I' are damping coefficients.
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The constitutive quantities €y and pg are the permittivity and the permeability of the free-
space, respectively. For a certain frequency band, at the microwave range, the real part of
the dispersive quantities in Egs. (29) and (30) are both negative (e, < 0,p;, < 0). These
negative parameters lead to a negative index of refraction and the metamaterial is considered
to be “left-handed” because, for plane waves propagating through this medium at this
frequency range, the wavevector lies in the direction opposite to the EM energy flux, given
by the Poynting vector [35]. In the lossless situation, one has explicitly the refractive index

Mq = (€q/€0)1/2(:“q/uo)1/2 = p[Equ/(Gouo)]1/2

, where p = —1if both ¢ and y; are negative,
and p = 1 otherwise. It is important to emphasize that metamaterials exhibiting negative
refraction must be dispersive to guarantee the positiveness of the EM energy density [35].
From the non-Lorentz-type model provided by the SRR media [11], Eq. (30), and the
plasma-like dispersion associated with the wires, Eq. (29), Tretyakov [20] has determined
an exact expression for the EM energy density using an equivalent circuit (EC) approach.
Both the EC and the electrodynamic (ED) approaches have been discussed by Boardman
and Marinov [21], considering the limits of validity of the energy density in metamaterials
of Lorentz- and SRR-type. The effective electric and magnetic energy coefficients, which
enter Eq. (15), are, in the ED approach, given by [21): €™ |gp = €[l + wi/(w® +77)]
and 45 gp = po(1 4+ Fw?[w?(3w? — w?) + w?T2)/{w?[(w? — w?)? 4+ w2T'?]}). As pointed out
in [21], these energy coefficients in ED approach are in perfect agreement in dispersive and
lossless materials (y = I" = 0), described by the Landau’s classical formula [31] in Eqs. (17)

and (18). In EC approach, the effective energy coefficients calculated by Tretyakov [20] are

esVlec = ™ ep and g™ |pe = po{1+ Fw?(wd + w?)/[(wi — w?)? + w?I?]}, which are more

13



adequate to describe the low-frequency range w < wp than the magnetic energy coefficient
provided by the Lorentz-type model [27, 36]: p|Lorentz = po{l — Fwi /[(w* — wi) + wI]} and
1 | orents = po{1 + Fwd(w? + wd)/[(w? — w?)? + w?T?]}. On the other hand, the Lorentz-
type dispersion is a more adequate description than the EC approach in the high-frequency
range w > wy [21]. Both approaches, however, do not satisfy the classical energy formula for
dispersive lossless materials in time-harmonic fields.

Recently, Luan [22] has shown that if the power loss is firstly identified, the EC approach
reduces to the ED one, and the correct expressions for the effective electric and magnetic

energy coefficients, which are consistent with the Landau’s classical formula [31], are

2
€D (W) = ¢ |1+ “p : (31)
w? + 2

Fuw? (3w? — w?) ]

(wd — w2)2 + w2[2

e (W) = o [1 !

In the following, we adopt the constitutive quantities given in Egs. (29) and (30) to de-
scribe a non-Lorentz-type (SRR) metamaterial, and use in the average EM energy [Eq. (15)]
the energy coefficients calculated by Luan [22], Eqgs. (31) and (32), since they are valid for
both EC and ED approaches and contain Eqgs. (17) and (18) as particular cases. We empha-
size that these calculations involving this particular set of parameters are an application of
the analytic results obtained in Secs. 2 and 3, which are generally valid for other classes of

dispersive, non-optically active metamaterials in time-harmonic fields.

5. Numerical results

To calculate the time-averaged EM energy as stated in Eq. (28), it is suitable to deal with

dimensionless quantities only. From Eqgs. (19), (24), (27) and (28), we obtain a normalization
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Whor = Wia(a, b)/Wo(0,b), which yields

W1 (0, a)
Wo(o, a)

WQ(CL, b)

_ Q3
Wnor(S) - S W()(CL, b) 9

+ (1 - 5% (33)

where S = a/b is the thickness ratio of the coated sphere. Note that S* and (1 — S%) are
the volume fraction of the spherical core and shell, respectively. Here, all the numerical
calculations have been performed by a computer code written for the free software Scilab
5.3.3. According to Ruppin [17], we choose f, = 10 GHz and f, = 4 GHz for the plasma
and magnetic resonance frequencies, respectively. The damping coefficients are assumed
to be v = 0.03w, and I' = 0.03wp, and the dimensionless parameter F' = 0.56 has been
chosen. With this set of parameters, the real parts of the electric permittivity and magnetic
permeability are simultaneously negative for fy = 4 GHz to 6 GHz, so that a band of
negative refraction shows up in this frequency range. The extinction efficiency Qey;, Which

is the extinction cross-section in units of the geometric one, can be calculated as follows [1]:

2 o0
Qext——QZQn—l— JRe (a, +by) (34)

where y = kb is the size parameter of the outer sphere and a, and b, are the scattering
coefficients given in Egs. (7) and (8). For the infinity sums ) ° |, we use the upper limit
Nuax = max(y + 4y'/3 4+ 2, myy, may) [1, 37]. To avoid instabilities in the calculation of

the products between spherical Bessel and Neumann functions with complex arguments, the
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Aden-Kerker coefficients must be rewritten as [1]:

) (ﬁ” + nm?/y) Enly) — mabn—1(y)

 (Dufie+nfy) vnly) = ()

Y

(D2 +1/y) &y) = €aa(v)

(Gt 0/y) daly) ~ v y)
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(PGt n/y) ) — i)
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where the auxiliary functions are now

. Dn(m23/> - AnX%(mQy)/wn(m2y)

1 — Anxn(may) /vn(may)

_ Dul(may) = Bux(may)/dn(may)

L — Buxn(may)/tn(may)

_ Yp(max) [Mo Dy (mix) — my Dy (mox)]

ffLQDn(mlx)Xn (m2$) - le%(mﬂ)

_ n(maz) [Ma Dy (maw) — iy Dy (my )]

7712)(;1(7712:17) - man(mlx)Xn(mQx)

(39)
(40)
(41)

(42)

with the logarithmic derivative D,,(p) = d, In,(p) [1, 7]. The nonmagnetic case is recovered

when m, = my, ¢ = {1,2} [1].

In the following, we consider two typical cases as Gao and Huang have been studied [18]:

a coated sphere with dispersive core and dielectric shell, and vice versa. The surrounding

medium (e, f19) is assumed to be the vacuum and the radius b = 1 ¢cm is chosen for the outer

sphere. Note that, with this choice, we have kb = wb(eopg)'/? ~ 1, for f ~ 5 GHz. For the

dielectric and non-dispersive material, we consider the lossless parameters €,/ey = 1.6 and

Hq/to = 1 [18]. As discussed in [18], the curves of extinction efficiency become smoother

when the dielectric shell or core are absorbing, leading to a decrease in the amplitude of
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Qext as the absorption increases for S < 0.5 or S > 0.5, respectively. Here, we consider
the lossless situation because the results when the core is dielectric and the shell is left-
handed are quite similar to the one in which we have in the core vacuum or, more generally,
the same lossless material as the surrounding medium. Besides, the average EM energy in
a non-dispersive medium can exactly be determined only for weakly absorbing or lossless
media [31].

Some curves of the average EM energy within the core [Fig. 1(a)] and within the shell
[Fig. 1(b)], when the former is dispersive [e; = €1(w), u1 = p1(w)] and the latter is a lossless
dielectric (e3/eg = 1.6, ua/pg = 1), are presented as functions of the frequency and the
thickness parameter. In Fig. 1(a), we observe in the left-handed region (4 to 6 GHz) a strong
enhancement of the EM energy in the metamaterial core. This is related to the presence of
standing waves inside the particle. Below and above this frequency range, the internal energy
decreases monotonically. This decrease is expected for right-handed frequencies [Re(m;) >
0], since there are no resonance peaks in the internal energy at the Rayleigh size parameters
region (ka < kb < 1) unless the scatterer exhibits high absolute values of permeability or
permittivity [26, 33|, which is not the case for f < 3.5 GHz and f > 6 GHz. Besides,
once in this range € (w) < 0 or pj(w) < 0, but not both, we have Re(m;) ~ 0 for low
absorption, and the EM waves cannot propagate inside the core, but just excite resonantly
surface plasmon-polaritons, like the resonance peak between 3.5 GHz and 4 GHz [17]. These
surface modes contributes to the enhancement of the EM energy within the dielectric shell,
as can be observed in Fig. 1(b). With increasing the thickness ratio S, the energy within the

dielectric shell increases with maximum values in the left- and right-handed regions, both
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associated with resonance surface modes [17].

Adding the EM energies W1(0,a) and Ws(a,b) from Figs. 1(a) and 1(b) by means of
Eq. (33), we have obtained the profiles of the effective EM energy within the coated sphere
presented in Fig. 1(c). Note that the energy-enhancement factor W, is an increasing
function at the left-handed region, becoming broader and with greater magnitude, as the
thickness parameter S is increased, which is the opposite of Fig. 1(a). This is explicitly
shown in Fig. 2 for some frequencies in the left-handed range. The same behavior can also
be observed for the extinction efficiency, as we show in Fig. 3(a). These results for b = 1 cm
are quite different from those obtained by Gao and Huang for b = 10 cm [18], where the
amplitudes of the extinction efficiencies decrease with .S.

In the extinction spectra, as discussed by Ruppin [17], the plasmon-like and the magnetic
excitations reinforce each other in the low-frequency region below wy. In this region, the real
part of the permittivity is negative, whereas the permeability has positive real part [¢}(w) <
0, i} (w) > 0]. Since these two mechanisms can be considered as roughly independent, the
peaks below wq are provided by the contributions of the magnetic bulk polaritons and surface
plasmon-polaritons, where these latter are due to resonances in the Aden-Kerker coefficient
a,. However, just above wq, both the electric permittivity and magnetic permeability have
negative real parts, and the surface plasmon-polaritons and magnetic surface polaritons,
which are due to resonances in the multipole moments a,, and b,, respectively, suppress
each other. Physically, this happens because, except for small intrinsic absorption, the
metamaterial becomes transparent in this left-handed region and, thereby, no surface modes

can exist [17].
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The enhancement of the field intensity inside the scatterer affects the transport prop-
erties in the surrounding medium. Van Tiggelen et al. [38] have shown that, for sim-
ple three-dimensional scatterers, the energy-transport velocity vg in the multiple scatter-
ing regime is related to the energy-enhancement factor W/W, by the expression vg =
co/[1 + foack(W/Wy — 1)], where ¢ is the wave velocity in the host medium (e, pp) and
fpack is the volume fraction occupied by the scatterers. This expression for vg is a good
approximation for y, max(myy, may) > 1, that is, out of the Rayleigh size parameters re-
gion [38]. Specially, the quantity vg is associated with the radiation diffusion coefficient
D = vgl*/3, where ¢* is the transport mean free path [38]. In Fig. 3(b), we consider a
random distribution of identical metamaterial coated spheres in the medium (eg, o), as-
sumed to be the free-space, with a packing fraction fp,x = 0.36, which is the same used
in the experiments with nonmagnetic scatterers TiOy [38]. The EM energy stored inside
the scatterers in the left-handed region favors small values of the energy-transport velocity,
which is broader and smaller with increasing S, i.e., the size parameter of the inner sphere
ka = kbS.

Now we consider the reciprocal situation: the coated sphere is made of a lossless dielectric
core (€1/€g = 1.6, 11 /po = 1) and a wires-SRR metamaterial shell (e = €a(w), 2 = pa(w)],
given by Egs. (29) and (30). Once again, we assume b = 1 c¢cm and consider the same
parameters we have used above for the dispersive metamaterial, leading a left-handed range
of frequencies 4 to 6 GHz. Curves of the time-averaged EM energy within the spherical core
and shell as functions of the incident frequency, for some thickness ratios, are presented in

Figs. 4(a) and 4(b), respectively.
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In Fig. 4(b), we note that the resonance peaks inside the metamaterial shell are shifted
to low-frequencies with increasing the amount of dielectric material within the coated
sphere. Specially, the EM energy within the dielectric core is strongly suppressed in the
low-frequency range w < wp, with minimum in fy = 4 GHz [Fig. 4(a)]. This behavior is due
to the excitation of surface plasmon-polaritons in the metamaterial shell at this frequency
range, which provides highest values of EM field intensity at the surface of the sphere and
they decay evanescently towards its center. Thereby, for “skin depth” smaller than the layer
thickness (b — a), the EM field barely reaches the dielectric core, and this is clearly seen
in Fig. 4. It is important to point out that this result can only be obtained by means of
a direct computation of the stored EM fields in the core and shell separately, emphasizing
the importance of the present analysis. The effective EM energy inside the coated sphere
is shown in Figs. 4(c) and 5, where we can observe a decrease of the EM energy in the
left-handed region with the thickness parameter S. The same behavior is also found in the
extinction spectra, as we show in Fig. 6(a).

Using the Van Tiggelen’s approach to estimate the energy-transport velocity [38], we have
obtained the curves in Fig. 6(b) for a packing fraction fya = 0.36. Once again, the resonance
peaks in the internal energy favor low energy-transport velocities in the disordered media
consisting of coated particles with dielectric core and dispersive metamaterial shell. At the
left-handed band, the values of energy-transport velocity are minimum for S < 0.7. With
increasing the thickness parameter, above S = 0.7, the minimum values of vg/cq are shifted
to low-frequencies and become more separated, in such a manner that the values oscillate in

the left-handed region. This behavior is easily observed in the associated extinction efficiency
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for the single scattering, which is depicted in Fig. 6(a).

6. Conclusions

We have analytically calculated an exact expression for the time-averaged EM energy within
a coated sphere, irradiated by a plane wave, using the explicit expressions for the EM fields
inside the core and the shell separately. Although one can infer some properties of the
internal energy and power loss in metamaterial coated spheres from the analysis of the
extinction and scattering efficiencies, a direct computation of the stored EM fields in the core
and shell separately allows a complete understanding of the behavior of EM energy density
in such systems. Here, we have shown some profiles of the internal energy for two situations
involving a metamaterial coated sphere: the dielectric shell and dispersive metamaterial
core, and vice versa. For the metamaterial, we have used realistic dispersion relations for
dispersive and lossy split-ring resonators. Finally, by means of the effective average EM
energy, we have calculated the energy-transport velocity in a disordered medium consisting

of metamaterial coated spheres.
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Figures

Fig. 1: Normalized EM energy inside a coated sphere with dispersive metamaterial core
[e1(w), u1(w)], given by Egs. (29) and (30), and lossless dielectric shell (e3/¢g =
1.6, ua/po = 1) as a function of the frequency f = w/2m, with thickness param-
eters S = 0.1, 0.3, 0.5, 0.9. (a) EM energy Wi(0,a)/Wy(0,a) inside the core
[€1(w), p1(w)]. (b) EM energy Wa(a,b)/Wy(a,b) inside the shell (e, p12). (c) Effective
EM energy Wyo = Wia/W, inside the scatterer (core and shell). These quantities
have been numerically calculated in the interval 2 < f < 7 GHz, with increment

5(f) =25 x 1072 GHz.

Fig. 2: Normalized EM energy Wy, = Wio/Wy inside a coated sphere with dispersive
metamaterial core [e1(w), 11 (w)], given by Egs. (29) and (30), and lossless dielectric
shell (ea/€9 = 1.6, p2/po = 1) as a function of the thickness ratio S = a/b for some fre-
quencies in the left-handed region. These quantities have been numerically calculated

in the interval 0 < S < 1, with increment 6(S) =5 x 1073.

Fig. 3: Coated sphere with dispersive metamaterial core [e;(w), 11 (w)], given by Egs. (29)
and (30), and lossless dielectric shell (e3/eg = 1.6, o/ o = 1), with thickness param-
eters S = 0.1, 0.3, 0.5, 0.9. (a) Extinction efficiency Qe and (b) energy-transport
velocity vg/co through the medium (e, f19) containing a packing fraction fax = 0.36

as a function of the frequency f = w/27.

Fig. 4: Normalized EM energy inside a coated sphere with lossless dielectric core (e;/€y =

1.6, p1/po = 1) and dispersive metamaterial shell [e2(w), ua(w)], given by Eqgs. (29)



and (30), as a function of the frequency f = w/2m, with thickness parameters S = 0.1,
0.5, 0.7, 0.9. (a) EM energy W1(0,a)/W;(0,a) inside the core (€1, pt1). (b) EM energy
Ws(a,b)/Wo(a,b) inside the shell [ex(w), p2(w)]. (c) EM energy Woo, = Wi.o/Wj inside

the scatterer (core and shell).

Fig. 5: Normalized EM energy Wy, = Wi.o/W) inside a coated sphere with lossless di-
electric core (€1/€g = 1.6, 1 /o = 1) and dispersive metamaterial shell [e;(w), p1(w)],
given by Egs. (29) and (30), as a function of the thickness ratio S = a/b for some

frequencies in the left-handed region.

Fig. 6: Coated sphere with lossless dielectric core (€1/€g = 1.6, 1 /1o = 1) and dispersive
metamaterial shell [eo(w), ua(w)], given by Egs. (29) and (30), with thickness param-
eters S = 0.1, 0.5, 0.7, 0.9. (a) Extinction efficiency Qey and (b) energy-transport
velocity vg/co through the medium (e, f19) containing a packing fraction fyac = 0.36

as a function of the frequency f = w/27.
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