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Abstract

We investigate the magnetic properties of a composed nonextensive system. The work is
motivated by recent proposals that manganites are magnetically nonextensive objects, according
to Tsallis statistics. We consider a two-parts composed system, A−B (both spins 1

2 ), and calculate
self-consistently the partial magnetizations in the mean 8eld approximation, MA and MB, for the
cases the coupling between the subsystems is either ferro or anti-ferromagnetic. This involves
the notion of partial trace in the nonextensive statistics. For temperatures below the magnetic
ordering temperatures, and q �= 1, we found strong disagreement between the M vs. T curves
calculated from the total 4×4 Hilbert space, through �q, when compared to the calculation made
from the 2 × 2 subspaces, if we use the usual de8nition �A(B) ≡ TrB(A)(�), and then elevates
the matrices to the qth power, as adopted in other contexts in the literature of the nonextensive
statistics. On another hand, full agreement is found if we take �A(B); q ≡ TrB(A)(�q), remaining q
an implicit parameter.
c© 2004 Elsevier B.V. All rights reserved.
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Manganese oxides, also named manganites, have recently been suggested as examples
of systems where Tsallis nonextensivity is manifest [1–3]. In the context of mean 8eld
approximation, it was found a linear dependence between TC and the entropic parameter
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q in La-based ferromagnetic manganites [1]; the anomalous behavior of the magnetic
susceptibility was correctly described in the paramagnetic phase of La2=3Ca1=3MnO3 [2]
and the paramagnetic-ferromagnetic phase diagram of La0:60Y0:07Ca0:33MnO3 correctly
reproduced using the nonextensive approach [3]. In this latter work it is analytically
shown that the entropic parameter q is associated to the magnetic susceptibility of the
material. Manganites exhibit the correct features for presenting nonextensivity: they
are strong correlated long-range interaction systems [4], they present fractality [4] and
they are magnetically inhomogeneous objects [5,6], with various properties dominated
by intrinsic inhomogeneities [7,8]. It is therefore interesting to further investigate the
magnetic properties of nonextensive systems. Moreover, the nonextensive statistics of-
fers an alternative and simple approach to describe such an important class of magnetic
materials, the manganites, which can be subject of experimental tests in a straightfor-
ward way, and therefore is a guide for 8rst-principle models of magnetism.
In this paper we consider a composed A− B spin 1

2 system coupled either ferro or
anti-ferromagnetically, in the mean 8eld approximation. Here the concern is to inves-
tigate the calculation of marginal density matrices in the nonextensive context. This is
important in a variety of situations: for classical information theory [9], for the study
of criteria of separability in quantum mechanics [10,11], and for the foundations of
the nonextensive statistics itself [12,13]. Although the concept of marginal density ma-
trices appears in many works, no concrete example of application to magnetism has
been presented to date. For this purpose magnetic systems are ideal because of their
experimental connections to manganites.
We take a self-consistent mean 8eld approximation, where the Hamiltonian is given

by [14]:

HM = −2SAz BA − 2SBz BB ; (1)

where the mean 8eld acting on each subsystem is:

BA = B0 + 
AMA + 
ABMB; and BB = B0 + 
BMB + 
ABMA : (2)

B0 is the external 8eld. The intra-lattice couplings satisfy: 
A, 
B ¿ 0, and the inter-
lattices couplings satisfy : 
AB ¿ 0 for ferromagnetic and 
AB ¡ 0 for antiferromagnetic
ordering.
Now, the subsystems magnetizations can be obtained in two diIerent ways. Either

we use the total density matrix, �q:

MA = 2
Tr(SAz �

q)
Tr(�q)

and MB = 2
Tr(SBz �

q)
Tr(�q)

; (3)

where �q = [1 − (1 − q)�′HM ]q=1−q=Z
q
q , Zq is the generalized partition function, and

�′ = �=(1=Tr(�q) + (1 − q)�Uq) or we use marginal matrices, obtained from partial
tracing the total density matrix.
Before starting the calculations, it is interesting to note that the above distribution

of probabilities is obtained from the maximization of the (normalized) nonextensive
entropy (Tsallis entropy) [15]:

Sq =
1 − Tr(�q)
(q− 1)Tr�q

(4)
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subject to the norm and energy constraints:

Tr(�) = 1; Uq =
Tr(H�q)
Tr(�q)

: (5)

So we have the averaged value

Oq =
Tr(O�q)
Tr(�q)

: (6)

Notice that the averaged value in the nonextensive formalism of an observable O is
diIerent from the usual one, and can be formally related to the usual form by using
the escort distributions, i.e., P=�q=Tr(�q), with the inverse relation being given by �=
P1=q=Tr(P1=q). In particular, the nonextensive statistical mechanics has been applied in
several situations such as anomalous diIusion [16], evolution of stellar self-gravitating
systems away from thermal equilibrium [17], anomalous relaxation through electron–
phonon interaction [18], ferroJuid-like systems [19], dynamic systems [20] and to study
the microscopic dynamics of the metastable quasi-stationary states in the Hamiltonian
mean 8eld model [21].
Eqs. (2) and (3) must be solved self-consistently. In the case of a two spin 1

2
system, the calculation involves summing in either a 4× 4 Hilbert space or two 2× 2
subspaces. Of course, since the magnetization is a thermodynamic observable, both
approaches must yield the same result. Our goal is to compare two ways of partial
tracing, and show that full agreement occurs only for one of them. In the 8rst one,
which we will call method I, the marginal densities are obtained from:

�A = TrB(�) and �B = TrA(�) (7)

after convergence is achieved, and then subsequently powered to q; to obtain MA and
MB, we simply replace the 4×4 matrix �q in Eq. (3) by the 2×2 matrices �qA and �qB.
This is the approach used, for instance, in Refs. [9,10] in the context of separability
of quantum systems.
In method II, we set �′ ≡ �q and partial trace �′, remaining the entropic index

implicit:

�A;q = TrB(�q) and �B;q = TrA(�q) : (8)

It is shown below that only method II reaches full agreement with the calculation
made with the total density matrix. Therefore, at least in the context of nonextensive
magnetism, the relevant statistical quantity seems to be �′, instead of �.
Fig. 1(a) exhibits MA vs. T curves obtained self-consistently with method I, for

various values of q, and B0 = 0. Full circles are calculations made with the marginal
density matrix, �qA, and continuous lines are calculations using the complete 4 × 4
density matrix. The disagreement for q below 0.9 is evident. Fig. 1(b) shows the same
calculations made with method II. We see that in this case there is plain agreement
for the full range of temperature and all values of q. Figs. 2(a) and (b) show the
corresponding curves for the anti-ferromagnetic case. We see that for B0 = 0 the total
magnetization is always equal to zero in both cases, but the disagreement in method I
for q¡ 0:9 is again evident.
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Fig. 1. (a) Comparison of M vs. T curves calculated with method I (see text) for sublattice A in the
ferromagnetic case (
AB ¿ 0). Continuous lines are calculations from the full 4 × 4 density matrices, and
dots are calculations with the reduced �qA. Sublattice B shows the same behavior. The values of q from left
to right curves are q = 0:1; 0:3; 0:5; 0:7; 0:9; 1:0. (b) Same curves calculated with method II.

This paper focused in the concept of partial tracing and marginal densities of com-
posed systems in the nonextensive statistics. This is important in a variety of situations,
and manganites oIer an access door to experimentally testing these ideas. From mea-
suring M vs. T curves for various values of the external 8eld, B0, the speci8c heat can
be derived [22,23]. In more realistic models of manganites, diIerent ionic species and
the eIects of crystal-8eld, including the Jean–Teller eIect must be taken into account
[4,24,25].
On the nonextensive statistics side, it is very important to come up with a clear

concept of partial tracing. The famous formula of the pseudo-additivity for the entropies
of nonextensive systems [12]

Sq(A+ B) = Sq(A) + Sq(B) + (1 − q)Sq(A)Sq(B)
relies on the assumption that for statistically independent systems, the relation �q =
�qA ⊗ �qB holds, and therefore it is important to know how to obtain �A and �B for
composed systems. The quantities �A;q and �B;q used in this paper to calculate the sub-
lattice magnetizations cannot be connected in a simple way to the de8nition adopted
in other works, for instance in Ref. [10]. Very recent developments [26] show that
nonextensive entropies can become additive for particular values of q. Since the mag-
netization of a sample must be proportional to the number of magnetic moments (a
natural consequence of the additivity of entropies), there may be important connections
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Fig. 2. (a) Comparison of M vs. T curves calculated with method I (see text) for sublattices A and B in
the antiferromagnetic case (
AB ¡ 0). Continuous lines are calculations from the full 4× 4 density matrices,
and dots are calculations with the reduced matrices �qA and �qB. The values of q from left to right curves are
q = 0:1; 0:3; 0:5; 0:7; 0:9; 1:0. (b) Same curves calculated with method II.

between such particular values of q and the physical parameters of the system, such
as TC , as suggested in the present paper and in Ref. [1].
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