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ABSTRACT:

We present a discussion on Weyl (integrable) spacetimes as a via
ble model for our cosmos, and on the physical implications for systems

non-minimally coupled to gravity.
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constant.
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1. INTRODUCTION

In the spirit of the SILARG, I shall present here some results
recently obtained by the Group of Cosmology and Gravitation of  the
CBPF, concerning the possibility that Weyl integrable spacetimes could
furnish a physically viable model for our cosmos. In order to illustra
te the physical implications of this approach we investigate the case
of electromagnetism non-minimally coupled to gravity and the problem

of generating a cosmological constant.

2.  WEYL SPACETIMES
[1]

A Weyl spacetime (WST) is an affine manifold endowed, besides

the metric CIN with a four-vector wu(x), the so-called gaug; vector,
such that the length { of a given vector UM(X)’ defined by £ =gququ,
changes under an infinitesimal transplantantion of Vu according to
dl = K’wudxu, that is, while the metric provides a (local) definition
of the length of UU’ the gauge vector furnishes the (local) variation

of this length.

The affine (symmetric) connections Tﬁv(x) of this manifold are

a o 1 oA '
B ruv = {uv} -7 9 {gkuwv * 9y - guvwx] ’ (1
where {3v] are the usual Christoffel symbols of General Relativity,
built exclusively with guv and its derivatives, so that the covariant
derivative guv.a of the metric turns out to be

- A A
Syv;a T 9v,a ~ rua S T oa Gy © guvwa : (2)

Therefore, when the gauge vector is null, one gets Fﬁv = {3v} and so

P

A
guv,a - {ua} I va}gkp (3)

8uv;a guv]|a =0,

which charactherizes the structure of a Riemann spacetime (RST). Thus,

the usual RST of General Relativity is a particular case of the WST,
occurring when wu = 0. Other relevant geometric quantities are ob
tained using the prescriptions of affine geometry; for example,Ricci's

tensor R 1is
TaB
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vz L3 1 7 I PP
Reug = Rops = Rag * 7 %18 - 7 Yg)|a* 7 “lp * 7%8[‘” ¥t ] (4)

and the scalar of curvature R 1is

1

- Lyh
lu~ 7

w

R o+ 3 (W , (5)

aB ©

so that Einstein's temnsor in a WST is
] T2 3T P I IR
Cog = Rug - 2 Rgqg) = Cog* wcx”B + g - 7 gaBl:w flu ~ 7Y J’(6)

where barred quantities refer to RST terms, and "|| " denotes RST diffe
rentiation. Now, if one performs a conformal transformation guvﬂ-gﬁv =
Qz(x)guv’ then .the connections Tiv remain invariant provided a gauge
transformation wu > w'u = wu + {&n Q),U is performed upon the gauge
vector. Hence, if wu is the gradient of some scalar function ®(x),a RST

(with metric g' v) can be achieved departing from a WST (with metric

) by means of a conformal transformation. A Weyl integrable space
qu y Sp

time (WIST) is characterized precisely by this feature:

wu(WIST) = & - (7)

b

RSTs and WISTs are thus conformally related, and via Stoke's theorem
one obtains § de(WIST) = £ é@'u dxu = 0, that is, the length of any
vector is preserved around a small closed circuit, just as in the RST

case (remark, however, that the connections are not the same!).

3. PALATINI'S METHOD

Starting from an arbitrary affine geometry, we shall vary inde
pendently (Palatini's variation[3]) the metric tensor guv and the
affine object Fﬁv in Einstein's Lagrangian LE =Yg R to obtain

RU\) = 0, gLI\);OL = gLN” a =0 (8)

that is, Einstein's equations for the vacuum and the characterization
of a RST (here, not as an a priori imposition but as a consequence of
a prescribed dynamical process). In summary, if we have besides LE a
matter term LM (for any fields coupled minimally to gravity), we can

state that

Minimal Coupling + Palatindi's variation +~ Einstein's eqs. in RST. (9)
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However, when we apply Palatini's method to a non-minimally cou
pled Lagrangian, e.g., Ln m = V-9 V?R, V(x) being some scalar function,
we end up with a WIST structure, as we shall sketch herela]. The equa

tions from variation are
2 _ - 2, UV _ —2aHVY | 67 _ a -
v Guv“o’ J/‘g Vg yRW = J/_Elp g [ rm;v gsrw;a } 0 (10)

o

(51 — = o .

ming partial integrations and using 9.5="8 4 - rka -g, we
’ 14

get that (V-g Vg uv = 0. Since for a Christoffel symbol holds
{ka} = (Kn v-g) o Ve therefore obtain g = (- £ P?) = g

where we used a coordinate system for which, locally, T = 0. Perfor

Hv;a ,Q uv uv o’
where wu is of precisely of WIST type. Hence we conclude that,indeed,

Non-minimal coupﬁ&ng + Palatind's varniation +~ Einstein's eqs. in WIST

(11)
(Remark that if Lan =v/g (W* R+ ¢ Ru\) W), wu(x) being a vector
field, one would also get[6] (guv ; e wUfV).a - = (tn wz),a %
v, Ve
(g, + € v ) 1)

4, ELECTROMAGNETISM NON-MINIMALLY COUPLED TO GRAVITY

Let us examine now the non-minimal Lagrangian[7]
1 u 1 uv
L, = /G [E R-RAA - 766 ] (+L . (matten)), (12)
where A (x) 1is an electromagnetic four-potential and § = (A _-A )
U Hv U,V Vv,
is the corresponding field strength tensor Varying in Palatini's fa

shion, the resulting equations are

1 2
(-E - A )GU\) = - EUV - R AU A\) (_TU\) (maLte/‘L)), (13)

V= - RAY, g N A?) g, (14)

Il v yv;a ,0 Zuv

1

. o aB
with EUV = (6Ua 8 vt Z—QUV 6&8 6 )

. The source term (—RAu) corres

ponds to a (cosmological!) rest mass for the photon, and Dbesides
Einstein's equations one gets WIST charactherization, as before. Adop

ting the following ansatz,

0
R=0, 6, =0 s0E =0, A =blt)s, (15)
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there results R v 0. 1f, also, the line element is of Friedmann-
u -

—Robertson-Walker (FRW) type, such as ds? = dt? - a?(t) d Q?, then in
the case of Fuclidean section one gets the system

d-B+L18 .08, -8B (16)

- €

(where B{%) = £n b?) with solutions b(t) ~ £ Y alt)nvt, yand €
being positive constants. These solutions describe a WIST that becomes
a RST as it expands, a feature that suggests the possibility (to be e

xamined elsewhere[6]),that different WIST and RST domains of the cos

mos could be assimptotically related.

5. THE COSMOLOGICAL CONSTANT: A GENERATIVE APROACH

0 (Einstein's

L]

According to (10), if we assume that Guv (WST)

eqs. for an empty WST), then formally we can write

= ] 1 | 1 .12 7
= - (W - W - —_ w . = - T .

Gy (RST) ( ullv * 7 9% -7 9, [ Nu-7Y ]) BTy D
Let us try to generate, in this way, a "cosmological constant" A, that
’\J . -

is, we set k Tuv = -A guv. Then, contracting, one obtains
3 ¥ 1 2
= = (W - = .
A 7 { ” u 7 we) const R (18)

and thus a link is established between the functions in the metric and

the components of wu. If, for example, we adopt a FRW line element and
the ansatz wu = w(I)G(L, then if V(%) ~ exp at there results a De
Sitter-type of solution, &n v/—g = Zn a®{t) v y&; and converselly, if
we start with an a priori exponential radius alZ) ~ exp Bt, we end
up with Y(Z) ~ exp €Z, with constants «,€ < Oandvy,B >0. Again, WST
regimes and the expansion factor of the cosmos can be assimptotically
related, while a "cosmological constant" appears for the RST regime.

We conclude observing that a deep relation among non-minimal cou
pling and WST structures begins to be displayed, and that WISTs seem
to furnish as alternative but viable model for the large-scale cosmos.
Further explorations on this subject are in progress[g].

The author aknowledges useful discussions with Drs. M.Novello and
J.M.Salim and the fellow students of the Group of Csomology and Gravi
tation of the CBPF.
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