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1 Introduction

Following the works of [I§], it was shown that to every modular invariant of a 2d CFT one
can associate a special kind of quantum groupoid B(G), constructed from the combinatorial
and modular data [[3] of a graph G [23] [4, 25, 27, [[0]. This quantum groupoid B(G) plays a
central role in the classification of 2d CFT, since it also encodes information on the theory
when considered in various environments (not only on the bulk but also with boundary
conditions and defect lines): the corresponding generalized partition functions are expressed
in terms of a set of non-negative integer coefficients that can be determined from associative
properties of structural maps of B(G) [28, 24}, 25]. A series of papers [, 23], B 6 25] present
the computations allowing to obtain these coefficients from a general study of the graph G
and its quantum symmetries. In this approach, the set of graphs G is taken as an input.
For the su(2); model, the graphs G are the ADE Dynkin diagram, and for the su(3); the
Di Francesco-Zuber diagrams. A list of graphs has also been proposed in [20] for the su(4)g
model. For a general SU(N) system, the set of graphs G presents the following pattern.
There is always the infinite series of Ay graphs, which are the truncated Weyl alcoves at some
level k of SU(N) irreps. Other infinite series are obtained by orbifolding and conjugation
methods, but there are also some exceptional graphs (generalizing the Eg and Eg diagrams
of the SU(2) series), that can not be obtained in that way (to some extent, the FE; diagram
can be obtained from a careful study of the Djy case). One of the purposes of this article is
actually to present a method to obtain these graphs.

We start with a modular invariant of a 2d su(n); CFT as initial data. Classification of
modular invariants is only completed for n = 2 and 3, but there exist several algorithms,
mostly due to T. Gannon, that allow one to obtain modular invariants up to rather high
levels of any affine algebra. By solving the modular splitting equation (to be recalled later),
we obtain the coefficients of the generalized partition functions, as well as the quantum
symmetries of the graph G, encoded in the Ocneanu graph Oc(G). The graph G itself is then
obtained at this stage as a subgraph or a module graph of its own quantum symmetry graph:
it appears as a by-product of the computations.

Notice that the determination of the higher ADE graphs G by solving the modular
splitting equation seems to be the method followed by A. Ocneanu (see [19]) to obtain the
lists of SU(3) and SU(4) graphs presented in [20], but explicitation of his method was never
been made available in the literature. The method that we describe here (that incorporates
the solution of the modular splitting equation itself) was briefly presented in [§] for the study
of the non simply laced diagram Fj, and is presented here in more general grounds.

The paper is organized as follows. In section 2 we review some results of CFT in order
to fix our notations, and present the basic steps of the method allowing to solve the modular
splitting equation. Section 3 treats with more technical details of the resolution, making the
difference between commutativity or non commutativity of the quantum symmetry algebra.
In the last section we analyze some examples in order to illustrate the techniques. First we
treat the Eg modular invariant of the SU(2) family; then two exceptional SU(3) modular
invariants at level 5, labelled by the graphs £ and &5/3. The last example is the level 9
exceptional SU(3) modular invariant, which is a special case for two reasons. The first one
is that it leads to a non-commutative algebra of quantum symmetries. The second reason is
that in the first list of SU(3) graphs proposed in [I], three different graphs were associated



to this modular invariant. With the methods presented in this paper, we only find two graphs
associated to it, in accordance with the final list of Ocneanu published in [20].

2 CFT and graphs

Consider a 2d CFT defined on a torus, where the chiral algebra is an affine algebra su(n) at
level k. The modular invariant partition function reads

Z:ZX)\M)\MX_M7 (1)
A

where y) is the character of the element A of the finite set of integrable representations
of su(n)g, and where the matrix M is called the modular invariant: it commutes with the
generators S and 7 of the modular group PSL(2,7Z). The introduction of boundary conditions
(labelled by a,b), defect lines (labelled by z,y) or the combination of both, result in the
following generalized partition functions (see [3, [, 24]):

Za|b = Z(j:)\)abX)\ (2)

A

Z:cly = Z(V/\u):chAX_u (3)
A

Zx\ab = Z(f)\sx)abx}\ (4)
A

All coefficients appearing in the above expressions express multiplicities of irreducible repre-
sentations in the Hilbert space of the corresponding theory and are therefore non-negative
integers. They are conveniently encoded in a set of matrices: the annular matrices F\ with co-
efficients (Fy)aqp; the double annular matrices Vi with coefficients (Vku)xy and the dual annu-
lar matrices S, with coefficients (S; ). The different set of indices run as A\, u =0, ...,dy —1;
a,b=0,...,dg —1and z,y = 0,...,do — 1. The integer d; is the number of irreps at the
given level k; dg and dp are given in terms of the modular invariant M by dg = Tr(M) and
do = Tr(MM?) (see [2T1, &, [12]).

Compatibilities conditions — in the same spirit than those defined by Cardy in [3] for
boundary conditions — impose relations on the above coefficients (see [22, 24]). Altogether
they read:

FxFx = Y N\ Fyv (5)
)\//
V)\u V)‘/NI = Z N;\)’\’/ -/\/;7// V)\”M" (6)
)\//ull
SeSy = Y 0,8, (7)

;\ju are the fusion coefficients describing the tensor product decomposition Axp = > N )’\’M v
of representations A and p of su(n);y. They can be encoded in matrices N called fusion
matrices. O, are the quantum symmetry coeflicients and can be encoded in matrices O,
called quantum symmetry matrices.



The matrices {F\, Nx, O, V)., Sz} have non negative integer coefficients: they can be
seen as the adjacency matrices of a set of graphs. Knowledge of these graphs helps therefore
to the complete determination of the different partition functions. All these coefficients also
define (or can be obtained by) structural maps of a special kind of quantum groupoid [I8], 23,
25, [, [[0]. It is not the purpose of this paper to explore those correspondences, nor to study
the mathematical aspects of this quantum groupoid. What we will do here is to determine,
taking as initial data the knowledge of the modular invariant M, all the coefficients of the
above matrices.

2.1 Steps of the resolution

We start with the double fusion equations (), which are matrix equations involving the double
annular matrices V), of size do x do, with coefficients (V),)zy. Notice that these coefficients
can also be encoded in matrices Wy, of size d; x dr, with coefficients (Wyy)xu = (Vap)ay-
The W, are called double toric matrices. When no defect lines are present (x =y = 0), we
must recover the modular invariant of the theory, therefore Wy, = M. Using the double toric
matrices Wy, the set of equations (@) read:

> (Wez)au Wey = Na Wy NJT (8)

z

The successive steps of resolution are the following:

Step 1: toric matrices Setting x =y = 0 in (@) and using the fact that Wyo = M we get:

> (Wou)au Weo = Ny M NI (9)
z
This equation was first presented by A. Ocneanu in [20] and is called the modular splitting
equation. The r.h.s. of (@) involves only known quantities, namely the modular invariant
M and the fusion matrices V). The lLh.s. involves the set of toric matrices W,o and Wy,
that we determine from this equation.

Step 2: double fusion matrices Setting y =0 in [§) we get:

Z(sz)Au W.o = NxWao fo (10)

z

Once the toric matrices W0 have been determined from Step 1, the r.h.s. of () then involves
only known quantities. Resolution of these equations determine the double toric matrices Wy,
— and equivalently the double fusion matrices V), — appearing in the Lh.s. of ([IT).

Step 3: Ocneanu graph The double fusion matrices V), are generated by a subset of
fundamental matrices Vyy and Vyr, where f stands for the generators of the fusion algebra
(for SU (n) there are n—1 fundamental generators). These matrices are the adjacency matrices
of a graph called the Ocneanu graph. Its graph algebra is the quantum symmetry algebra,
encoded in the set of matrices O,.



Step 4: higher ADE graph G The higher ADE graph G corresponding to the initial
modular invariant M is recovered at this stage as a module graph of the Ocneanu graph. It
may be a subgraph of Oc(G) or an orbifold of one of its subgraphs. One also distinguishes
type I cases (also called subgroup or self-fusion cases) and type II cases (also called module
or non self-fusion cases).

3 From the modular invariant to graphs

We start with a modular invariant M at a given level k of a su(n) CFT, and the corresponding
fusion matrices V).

3.1 Determination of toric matrices W,

We compute the set of matrices K, defined by:
Ky, =N\MNJ . (11)
The modular splitting equation ([ then reads:

do—1

K=Y (Wo)au Weo - (12)
z=0

This equation can be viewed as the linear expansion of the matrix K, over the set of
toric matrices W9, where the coefficients of this expansion are the non-negative integers
(Wo2)au- The number do is the dimension of the Ocneanu quantum symmetry algebra, it is
evaluated by do = Tr(MMT). The algebra of quantum symmetries comes with a basis (call
its elements z) which is special because structure constants of the algebra, in this basis, are
non-negative integers. We introduce the linear map from the space of quantum symmetries
to the space of d; x d; matrices defined by z +— W,q. This map is not necessarily injective:
although elements z of the quantum symmetries are linearly independent, it may not be so
for the toric matrices W, (in particular two distinct elements of the quantum symmetries
can sometimes be associated with the same toric matrix). Let us call r the number of linearly
independent matrices W.o. Equation ([[Z) tells us that each K, (a matrix), defined by (I),
can be decomposed on the r dimensional vector space spanned by the vectors (matrices)
W,o. r can be obtained as follows. From ([Il) we build a matrix K with elements of the form
K{au},{v}, which means that each line of K is a flattened! matrix K Au- Then 7 is obtained
as the (line) rank of the matrix K, since the rank gives precisely the maximal number of
independent lines of K, therefore the number r of linearly independent matrices W,q5. Two
cases are therefore to be considered: depending if toric matrices are all linearly independent
(the map z — W.,q is injective and r = dp) or not (r < dp).

We also introduce a scalar product in the vector space of quantum symmetries for which
the z basis is orthonormal. We consider the squared norm of the element ) (Wp.)x,2 and
denote it ||K,||*. This is an abuse of notation, “justified” by equation (), and in the same

a .. b
!By flattened matrix we mean that if K, = ( . . ) , then the flattened matrix is (a..b......c..d).
c .. d



way, we shall often talk, in what follows, of the “squared norm of the matrix K,”, therefore
identifying z with W, although the linear map is not necessarily an isomorphism. We have
the following property:

Property 1 The squared norm of the matriz Ky, is given by:
Bl = (K aepe - (13)

Proof: We have:
HK/\MW = Z’(WOZ)MLF

= Z(WOz)Au (WzO)A*H*

z

= (K)\M))\*M*
From the first to the second line we used the following property:
(WOZ))\u = (WZO))\*M* (14)

that can be derived from the relation Vi« « = (Vy,)", where X\* is the conjugated irrep of A
(see [23]). From the second to the third line we use Eq. ([2) in matrix components. [

We now treat the two cases to be considered. Note: an explicit study of all cases seems to
indicate that the linear independence (or not) of the toric matrices reflects the commutativity
(or not) of the quantum symmetry algebra.

Non-degenerate case r = dp. This happens when all toric matrices W,q are linearly
independent. The set of K, matrices are calculated from the initial data M and N from
(). The determination of the toric matrices W, are recursively obtained from a discussion
of the squared norm of matrices K, directly obtained from ([F)), which has to be a sum of
squared integers.

e Consider the set of linearly independent matrices K, of squared norm 1. From ([2)
the solution is that each such matrix is equal to a toric matrix Wg.

e Next we consider the set of linearly independent matrices K, of squared norm 2. In
this case from ([2) each such matrix is equal to the sum of two toric matrices. We have
three cases: (i) K, is equal to the sum of two already determined toric matrices (no
new information); (ii) it is the sum of an already determined toric matrix and of a new
one; (iii) it is equal to the sum of two new toric matrices. To distinguish from cases
(ii) and (iii), we calculate the set of differences K, — W; where W; runs into the set
of determined toric matrices, and check if the obtained matrix has non-negative integer
coefficients: in this case we determine a new toric matrix given by Ky, — W;.

e Next we consider the set of linearly independent matrices K, of squared norm 3. From
() each such matrix is equal to the sum of three toric matrices. Either (i) K, is
equal to the sum of three already determined toric matrices; (ii) it is equal to the sum
of a determined toric matrix and of two new ones; (iii) it is equal to the sum of two



already determined matrices and a new one; or (iv) it is equal to the sum of three new
toric matrices. We calculate the set of differences K, — W; and Ky, — W; — W; where
W;, W; runs into the set of determined toric matrices, and check whenever the obtained
matrix has non-negative integer coefficients.

e For the set of linearly independent matrices K, of squared norm 4 there are two
possibilities. Either K, is the sum of four toric matrices, either it is equal to twice a
toric matrix. In the last case, the matrix elements of K, should be either 0 or a multiple
of 2, and the new toric matrix is obtained as K, /2. If not, a similar discussion as the
one made for the previous items allows the determination of the new toric matrices.

e The next step is to generalize the previous discussions for higher values of the squared
norm, in a straightforward way.

Once the set of toric matrices W, is determined, we can of course use equation ([{@) to
check the results.

Degenerate case r < dp. The integer » may be strictly smaller than dp: this happens
when toric matrices W,¢ are not linearly independent. In order to better illustrate what has to
be done in this case, let us treat a “virtual” example. Suppose the dimension of the Ocneanu
algebra is dp = 3, and call 21, 29, 23 the basis elements. The corresponding toric matrices
are W, W,,,W.,, and suppose they are not linearly independent. For example let us take
W, = W,, +W,,, in this case we have r = 2 < dp. We still use the same scalar product in the
algebra of quantum symmetries, and the norm of z3 is of course 1, but, because of the abuse
of langage and notation already made before, we shall say that the “squared norm” of W,
is equal to 1 (and not 2, of course!). The problem arising from the fact that toric matrices
may not be linearly independent, so that the linear expansion (&) of Ky, over the family
of toric matrices may be not unique, can be solved by considering the squared norm of K.
Continuing with our virtual example, we could hesitate between writing K, = W, +2W_, or
Ky, =W, + W, since W,; = W, +W.,. In the first case the corresponding squared norm
would be 5, and in the second case it would be 2. In all cases we have met, the knowledge of
the squared norm of K, from equation () is sufficient to bypass the ambiguity and obtain
the correct linear expansion. The determination of the toric matrices can then be done step
by step, in the same way as we did in the non degenerate case, starting from squared norm
1 to higher values. We refer to the su(3) case at level 9 treated in the next section for more
technical details.

3.2 Determination of double toric matrices W,

Once we have determined the toric matrices W, we calculate the following set of matrices:

K, = N\xWyo N[ (15)
Then equation () reads:
K;iu - Z(sz)Aszo . (16)

z

This equation can be viewed as the linear expansion of the matrix K A over the set of toric
matrices W, where the coefficients of this expansion are the non-negative integers (W),



that we want to determine. In the non degenerate case, toric matrices W.o are linearly
independent, the decomposition ([@) is unique and the calculation is straightforward. In
the degenerate case, some care has to be taken since toric matrices W,y are not linearly
independent: the expansion ([[H) is therefore not unique. Some coefficients may remain free
and one needs further information to a complete determination (see next subsection).

The coefficients (W,.)), can also be encoded in the double fusion matrices V), that
satisfy the double fusion equations (@). Setting u =4/ =0, A =N =0and N = pu =0
respectively in Eq. (@) gives:

VioVwo = > Niy Vo . (17)
)\//

VouVow = D NI, Vour , (18)
ull

V)\u’ = Vyo Vbu’ = VVOM’ Vo - (19)

From Egs.([’0) and (), we see that the set of matrices Vg and Vj, satisfy the fusion algebra.
These matrices can therefore be determined using these equations from the subset of matrices
Vo and Vjy, where f stands for the fundamental generators of the fusion algebra. For s5u(2),
there is one generator f = 1, while for su(3), there are two conjugated generators (1,0) and
(0,1). The determination of double fusion matrices is reduced, by the use of Eqs. ([ZHIJ), to
the determination of the generators Vyy and Vpy. It is therefore sufficient to solve Eq. (IH)
only for the pair of indices (Au) = (f0) and (Au) = (0f), and then use Eqs. ([HIA), which
simplifies a lot the computational task.

3.3 Determination of the Ocneanu algebra O,

The matrices Vyo and Vjyy are the adjacency matrices of the Ocneanu graph. We denote
Oy, = Vyo and Oy, = Vi, where fr, and fr now stands for the left and right generators of
the Ocneanu quantum symmetry algebra. For SU(n), there are n — 1 generators f of the
fusion algebra, and therefore 2(n — 1) generators of the quantum symmetry algebra. The
Ocneanu graph is also the Cayley graph of multiplication by these generators. From the
multiplication by these generators, we can reconstruct the full table of multiplication of the
quantum symmetry algebra (with elements denoted z,y, z)

a:y:ZOfcyz. (20)

This multiplication table is encoded in the “quantum symmetry matrices” O,, which are the
graph algebra matrices of the Ocneanu graph, with coefficients (O ),. = O3, They satisfy the
following relations (take care with the order of indices since the quantum symmetry algebra
may be non commutative):

0x Oy = (0y)z: 0 . (21)

z

Once the generators Oy, = Vyg and Oy, = Vi have been determined from the previous step,
all quantum symmetry matrices can be computed from ().



In the degenerate case the determination of the double toric matrices W, from equation
(@) is not straightforward, some coefficients being still free. A solution to this problem is
provided by an analysis of the structure of the Ocneanu graph itself, since it must satisfy
some conjugation and chiral conjugation properties (we refer to the level 9 su(3) example
treated in the next section for further details). Further compatibility conditions have also to
be satisfied and can be used to check the results, or to determine the remaining coefficients
(for degenerate cases). One of these conditions read [9]:

Oy V)\u = V)\u Oy = Z(V)\u)wz 0, . (22)

z

A special case of this equation, for x = 0, being:

Wyy = Z(Oz)yy’ Wos - (23)

z

3.4 Determination of the higher ADE graph G

For any su(n) at level k, we can always consider the infinite series of Ay graphs, which are
the truncated Weyl alcoves at level k of SU(n) irreps. Other infinite series are obtained
by orbifolding (D = Aj/p) and conjugation (Aj,D;) methods, but there are also some
exceptional graphs that can not be obtained in that way. Even after using the fact that
graphs have to obey a list of requirements (such as conjugation, N-ality, spectral properties
and that G must be an A module) listed in [IT], one needed to use some good “computer
alded flair” to find them. In this “historical approach”, the problem of determining the
algebra of quantum symmetries Oc(G) was not addressed and this algebra was even less
used as a tool to determine G itself. The procedure described here is different. Starting
from the modular invariant, one solves the modular splitting equations (as explained in
the previous section) and determines directly the algebra of quantum symmetries Oc(G),
without knowing what G itself can be. Then one uses the fact that G should be both an
A module and an Oc¢(G) module (see comments in [9]). Denoting A\ an element of the
fusion algebra, the first module property reads Aa = Y, (Fi)a b, with coefficients encoded
by the annular matrices F). The associativity property (Aa)b = A (ab) imposes the annular
matrices to satisfy the fusion algebra (see Eq.(H)). Denoting = an element of the quantum
symmetry algebra, the second module property reads za = ) ,(S;)a b, with coefficients
encoded by the dual annular matrices S,. The associativity property (za)b = z(ab)
imposes the dual annular matrices to satisfy the quantum symmetry algebra (see Eq.(d)).
In some simples cases, G itself appears as a subgraph of the Ocneanu graph, in other cases
it appears as a module over the algebra of a particular subgraph. The methods we have
described allow for the determination of the graph G even when orbifold and conjugation
arguments from the Ay graphs do not apply (the exceptional cases). It can be used for a gen-
eral affine algebra ¢j, at any given level k, once the corresponding modular invariant is known.

In the next section, we present and illustrate this method by using several exceptional
examples. In the su(3) family, there are three exceptional graphs with self fusion. They
are called &,& and &1. In this paper we have chosen & (a kind of generalization of the
Eg case of su(2), also treated as a standard example) and &. The case of & (a kind of
generalization of the Eg case of su(2)) is actually very simple to discuss, even simpler than



&s because it does not admit any non trivial module graph, and we could have described it
as well, along the same lines. Results concerning &1 and its quantum symmetries can be
found in [0, 25] (in those references, the graph itself is a priori given). The su(3) - analogue
of the E7 case of su(2), which is an exceptional twist of Dy, can also be analysed thank’s to
the modular splitting formula, of course, but the discussion is quite involved (see [I6], [I5]).
We refer to [26] for a description of an su(4) example. In [§], these methods were applied
to a non simply-laced example of the su(2) family, where the initial partition function is not
modular invariant (it is invariant under a particular congruence subgroup) and where there
is no associated quantum groupoid.

3.5 Comments

All module, associativity and compatibility conditions described here between the different set
of matrices follow from properties of the quantum groupoid B (@) constructed from the higher
ADE graph G [I8, 23, 25]. General results have been published on this quantum groupoid
(see [I8, 7, [T0L 17, 21]). But we are not aware of any definite list of properties that the graphs
G should satisfy to obtain the right classification. The strategy adopted here is to take as
granted the existence of a quantum groupoid and its corresponding set of properties, and to
derive the graph G as a by-product of the calculations, starting from the only knowledge of
the modular invariant. Notice that this seems to be the method adopted by Ocneanu in order
to produce his list of SU(3) and SU(4) graphs presented in [20]. One crucial check for the
existence of the underlying quantum groupoid is the existence of dimensional rules:

dim(B(G)) = dy =Y d>, (24)
A x

where the dimensions dy and d, are calculated from the annular and dual annular matrices:

dy = Zmb(F)\)ab: dy = Za,b(sx)ab'

The method described in this article allows for the determination of the set of matrices
{F\,Nx, Oz, Vyu, Sz} and the corresponding graphs. Once the ADE Coxeter graph G has
been obtained, and following the works of [, Bl 25], we can also propose a realization of
its quantum symmetry algebra as a particular tensor product of graph algebras. With this
realization at hand, the matrices O, and S, can be expressed in a much more economic way.

4 Examples
4.1 The Es case of su(2)
We start with the su(2);9p modular invariant partition function:

Z = |x0 + x6|* + Ix3 + x7/> + x4 + x10/* (25)

where x,’s are the characters of su(2);p with 0 < XA < 10. The total number of irreps
is dg = 11. The modular invariant matrix M is read from Z when the later is written
Z =3y XxrxMy, Xy The fusion matrices are given by the truncated recurrence formulae of
SU(2) irreps at level k£ = 10:

No= 111 ;5 Niy=Ad(Aw) ; Nap1=NyNi— Ny, (26)



where Ad(Ajp) is the adjacency matrix of the graph Ajop which is the truncated Weyl alcove
of SU(2) irreps at level k = 10 (usually called the Dynkin diagram Aj;).

0 1 2 3 4 5 6 7 8 9 10
Figure 1: The A9 = A1 graph.

Determination of toric matrices W,. Here we repeat the discussion given in [§]. We
have Tr(MMT) = 12 which gives the dimension of the algebra of quantum symmetries
do = 12. From the knowledge of M and the fusion matrices Ny we determine all matrices
Ky, = N\ M fo. We calculate the rank of this family and find » = 12. Since r = dj, the
toric matrices W, are linearly independent and form a special basis of this vector space. For
each matrix K, we look at their squared norm given by ||K,||* = (K,)x, (conjugation is
trivial for SU(2) systems, \* = \).

e For squared norm 1 we have 11 linearly independent matrices K, for example
Koo Ko1 Koo Koo Koo Kio Kig Kip Kig Kiio Kap. (27)

Each of these matrices define a toric matrix W, = Wy, so we get 11 out of the 12 toric
matrices.

e For squared norm 2 we have 19 linearly independent matrices K),,, for example

Koz Koa Kos Kog Koz Kiz Kia K5 Kig Kiy

28
Kzo K31 K39 K30 Kio Kii1 Kig9 Kii0 Ksp (28)

In this list there are four matrices which are not equal to the sum of two already
determined toric matrices, one of them being for instance Ky 3. They are therefore equal
to the sum of an already determined toric matrix and the last one to be determined.
We build the set of matrices Ky 3 — W, where W, runs in the list of determined toric
matrices, and search for those which have non-negative integer coefficients. There is
only one solution (namely W, = K g), and we get the last toric matrix as Ko 3 — K1 9.

e We have therefore determined the set of 12 toric matrices W, with 0 < x < 11 and we
can check our result by an explicit verification of the modular splitting equation ().

Determination of V), Having determined the set of toric matrices W,, we compute the
set of matrices K fu = N\ W, fo. For SU(2), all double fusion matrices V), are generated
by the two fundamental matrices Vi and V1. It is therefore sufficient to calculate the
decomposition of K{j, and K§ on the set of toric matrices from Eq.([H) to determine Vjo and
Vo1. The calculation is straightforward, and choosing a special ordering in the set of indices
x the resulting matrices are given by

1 1 . . . . 1 .

1.1 .1 . . . 1 .

1 1 . . . 1.

1. . . . 1
1 . . . L1
VlO— 1 . VOl— 1. . 1 1

1 1 . 1 . 1 1
1 1.1 .1 . 1
1 1. 1.

1. 1 1

10



3
1 . 1
2 31
5 11, 41
21,
51

Figure 2: The Eg Ocneanu graph displayed in two alternative ways.

The Ocneanu graph of quantum symmetries The two matrices Vig and Vy; are the
adjacency matrices of the graph of quantum symmetries (Ocneanu graph) associated to the
initial modular invariant. The graph is displayed in figurePl, where the ordering for the labels?
of the set of indices z is {0,1,2,5,4,3, 1’,11/,21’,51’,41’,31"}. O1 = Vjq is associated to the
vertex 1 and encodes the multiplication by this vertex; the corresponding lines are displayed
in blue. O/ = V{1 is associated to the vertex 1’ and encodes the multiplication by this vertex;
the corresponding lines are displayed in red. Vertices 1 and 1’ are called left and right chiral
generators. The multiplication can be extended to the whole vector space spanned by the
vertices of the Ocneanu graph. We refer to [25] for explicit expressions for the O, matrices.
There is a chiral conjugation on the graph that permutes the two chiral generators. The
chiral operator C satisfies Oy = C~1O; C. Another way of displaying the Ocneanu graph
is to draw only the graph of multiplication by one chiral generator, say 1, and to associate
(for example using dashed lines) each vertex with its chiral conjugate. Multiplication of a
vertex x by 1’ is obtained as follows: we start with x, follow the dashed lines to find its chiral
conjugate y, then use the multiplication of y by 1, and pull-back using the dashed lines to
obtain the result. This alternative way of drawing the Ocneanu graph is displayed at the
r.h.s. of figure &l

The Dynkin diagram FEg The Ocneanu graph of figure Bl is made of two copies of the
Dynkin diagram Eg. One copy, labelled by vertices {0,1,2,5,4,3}, is a subalgebra of the
quantum symmetry algebra, the other one, labelled by {1’,11’,21’,51’,41’,31’} is only a
module. With the method of modular splitting, we see that we find the Dynkin diagram
Eg as a subgraph of the Ocneanu graph. We refer to [ 25] for expressions of the S, matrices.
Notice that there is a multiplication defined on the vector space spanned by vertices of the
FEg diagram: one says that it is of subgroup type and that Eg exists not only as a module

2We choose the same labelling for the vertices as in [ 5 27].
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(over Aj1) but as a graph algebra. The algebra of quantum symmetries can be realized as
the tensor square of the Fg graph algebra, but the tensor product has to be taken over the
subalgebra J spanned by {0,3,4}: Oc(Eg) = Eg ®; Eg (for more details see [, Bl 25]).

4.2 The &; case of su(3)

We start with the su(3); modular invariant partition function:

Z= = ’X?o,o) + X?2,2)‘2 + ‘X?o,z) + X?3,2)‘2 + ‘X?zo) + X?2,3)‘2 (29)
+ |X?2,1) + X?0,5)|2 + |X?3,0) + X?o,?,)|2 + |X?172) + ><?5,0)|2 ; (30)

where x3’s are the characters of 5u(3)s, labelled by A = (A, A2) with 0 < A, Ay < 5,
A1 + Ay < 5. The modular invariant matrix M is read from Z when the later is written®
Z =3y xaMixu Xy The number of irreps A is d4 = 21. ) is also considered as a label
taking values on the integers A € {0,1,2,...,20}, corresponding to the choice of a certain
order on the set of pairs (A1, A2). A =0 = (0,0) is the trivial representation and there are
two fundamental irreps (1,0) and (0,1) = (1,0)*, where (A1, A2)* = (A2, A1) is the conjugated
irrep. N(y ) is the adjacency matrix of the oriented graph Ajs, which is the truncated Weyl
alcove of SU(3) irreps at level k = 5 (see figure[d). The fusion matrix N ;) is the transposed
matrix of N(j o) and is the adjacency matrix of the same graph with reversed arrows. Once
N(1,0) is known, the other fusion matrices can be obtained from the truncated recursion
formulae of SU(3) irreps, applied for increasing level up to k:

Noww = Naoy No-1) = No-iu-1) = No-2,u41) if 70
Niaoy = NaoyNo-1,0 — No—2) (31)
Noxn = (Noo)”

where it is understood that N, ,) =0 if A <0 or u <0.

(0,5)

(0,1)

0,0)  (1,0) (5,0)

Figure 3: The As diagram.

3Some authors write instead Z = >oa Xa My Xy, and therefore some care has to be taken in order to
compare results since conjugated cases (in particular figures Bl and B) must then be interchanged. Here we
follow the convention made in [9].

12



Determination of toric matrices W,; We have dp = TT(MMT) = 24. The matrices
Ky, = N\MN ff span a vector space of dimension r = 24. This is therefore equal to do, the
toric matrices W, are linearly independent and form a special basis for this vector space.
For each matrix K}, we calculate the squared norm given by |[K,[|? = (Ku)rs -

e For squared norm 1 we have 21 linearly independent matrices K, each one being equal
to a toric matrix Wg.

e There are 45 linearly independent matrices K, of squared norm 2. Some of them are
equal to the sum of two already determined toric matrices. For a matrix not satisfying
this property, say K, we build the set of matrices Ky, — W, where W, runs into the
set of determined toric matrices, and look for those which have non-negative integer
coefficients. This condition is strong enough and leads to only one solution (if Ky is
the sum of a determined matrix and a new one). We determine in that way the last
three toric matrices.

e We have therefore determined the set of 24 toric matrices W, with 0 < x < 23 and we
can check our result by an explicit verification of the modular splitting equation ().

Determination of V), Having determined the set of toric matrices W, we compute
the set of matrices Kfu = Ny Wy fo. For SU(3) cases, all double fusion matrices V),
are generated by the two fundamental matrices V(1) 0,0y, V(0,0),(1,00 and their transposed
Vio,1),000) = V(tf;o),(o,o)v Vi0,0),001) = V(KO),(I,O)' In order to determine these matrices, it is
therefore sufficient to compute the decomposition of K (9”170)7(070) and K ECO,O),(l,O) on the set of
toric matrices Wy using Eq.([I). The calculation is straightforward. From the knowledge of
the fundamental matrices V{1 ) (0,0)» V(0,0),(1,0) and their transposed, all double fusion matrices

Vi are recursively calculated from Egs.

The Ocneanu graph of quantum symmetries The four fundamental matrices explicitly
given below, in Eqs.([B3l), are the adjacency matrices of the graph of quantum symmetries
(Ocneanu graph) associated to the initial modular invariant. We display in figure El the graph
corresponding to the matrix V(o) (0,0) associated to the vertex labelled by 21 ® 1o. V(g,0),(1,0)
is associated to the vertex 15 ® 20, and instead of displaying the corresponding arrows, we
display the action of the chiral conjugation C' in order to not clutter the figure (warning: see
the last footnote). The arrows corresponding to the matrix Vg 1 (0,0), associated to the vertex
22 @ 1¢, are obtained by reversing the ones of figure l} for the matrix V(g ¢y (0,1), associated to
the vertex 14 ® 2g, we use the chiral conjugation and the reversed arrows.

The generalized Dynkin diagram & The graph of figure Hl is made of two copies of the
generalized Dynkin diagram &. The &; graph has 12 vertices denoted by 1;,2;, 4 =0,1,...,5.
The unit is 1y and the generators are 27 and 29, the orientation of the graph corresponds to
multiplication by 2;. Conjugation corresponds to the symmetry with respect to the axis
passing through vertices 19 and 13: 1§ = 1g,1] = 15,15 = 14,15 = 13; 2§ = 23,2] = 29,2 =
25. The & graph determines in a unique way its graph algebra (it is a subgroup graph). The
commutative multiplication table is given by:

1i'1j = 1i+j
1,2] = 221] = 27;_;,_]' Z,] :0,1,...,5 mod 6 (32)
2.2 = 2i45+2i15-3+ Liyj-3
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Figure 4: Ocneanu graph Oc(€5). The two left chiral generators are 2; ® 1y and 2 ® 19, the
two right chiral generators are 15 ® 29 and 14 ® 2.

From this multiplication table we get the graph algebra matrices G, associated to the vertices
a € &5. The one corresponding to the generator 21 is the adjacency matrix of the graph. The
vector space spanned by vertices of &5 is a module under the action of vertices of As, the
action being encoded by the annular matrices F obtained form the recurrence relation (BII)
with starting point F(O,O) = 1o, F(l,O) = Ggl and F(O,l) = ng.

Choosing a special ordering in the set of indices z of the algebra of quantum symmetries,
and using the 12 x 12 graph algebra matrices G, of the graph &, the fundamental double
fusion matrices are given by

Gy . . G
Vi1,0),00) = ( = o, ) V0,0),(1,0) = ( o o +5G1, >

(33)

Gy . . G
Vio,1),00) = ( = . > Vio,0),01) = ( G o +4G14 )

Realization of Oc(E5;) The algebra of quantum symmetries Oc(E5) can be realized as
00(55) =& Ry with a ®7b.c=a.b*®;c forbe J = {12} , (34)

where J is a subalgebra characterized by modular properties (see [6, 25]). The algebra Oc(&5)
has dimension 12 x 2 = 24, and a basis is given by elements ¢ ®; 19 and a ®; 29. The
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identifications in Oc(&s) are given by:

Li®sl; = lip=®s1o

2; g 1j = 21'4_]'* ® 1o (35)
1i®s2=1,®;1;.20 = 1i1-®s 2
2, ®y 2]' =2, %y 1]'.20 = 21'4_]'* R 20

The chiral conjugation is defined by (a ® b)c = b®j a. The left chiral generator is 27 ®; 1
and the right chiral generator is 1g ® 521 = 15 ®; 29. Multiplication in Oc(&5) is defined
from the multiplication (BZ) of & together with the identifications (BHl), and is encoded by
the quantum symmetries matrices O,. We get:

G, . B . G,
Ox:a®J10 — < ) Ga > O:C:a@(]20 — < Ga-Glg Ga(]1+G13) > (36)

The vector space of & vertices is also a module under the action of vertices of Oc(&;) defined
by (a ®7 1p).b = a.b and (a ®7 20).b = a.29.b. The dual annular matrices S, are given by
Se=aw,19 = Gq and Sp—ag,2, = G2,-G4. We check the dimensional rules dim(B(&5)) =

S A2 =3, d2 = 29376.

4.3 The & case of 5u(3)

We start now with the following su(3)s modular invariant partition function:

+(Xa.n) + X{os)- 02y + X(s.0) +1oe ] (37)

and compute the modular matrix* M. The fusion matrices Ny are the same as in the previous
case.

Determination of toric matrices and double fusion matrices We have dp =
Tr(MM') = 24. The matrices K = NAMN/T’ span a vector space of dimension
r = dop = 24. The discussion is the same as in the previous case.

e For squared norm 1 we have 21 linearly independent matrices K, defining 21 toric
matrices Wg.

e There are 45 linearly independent matrices K, of squared norm 2 and the last three
toric matrices W,y can be obtained.

Once the toric matrices have been determined, the double fusion matrices are obtained
straightforwardly. For the fundamental ones we get:

Gy . . G
Vi1,0),00) = ( = o, > V0,0),(1,0) = ( e G +1G14 )
(38)
G2 . . Gl
V(O,l),(O,O) - < .2 ng > V(O’O)’(O’l) B < G, G12 -|-2G1r )

4Same remark as in the last footnote.
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The Ocneanu graph of quantum symmetries We display in figure B the graph corre-
sponding to the matrix V(y o) 0,0) associated with the vertex labelled by 21 ® 1o. V{q,0),(1,0) 18
associated with the vertex 17 ® 29. The algebra of quantum symmetries can be realized as

Oc(&)=E® &5 witha®7b.c=ab®yc forbe J={1;}. (39)

The algebra Oc(&Z) has also dimension 12 x 2 = 24 and a basis is given by elements a ® 1o
and a ® 29. The identifications in Oc(EF) are given by (different from those of Oc(&5))

L®sl; = lLiy;®slo

2, Ry 1j = 21'4_]' ®y7 1o (40)
1;®52;=1;®;1;20 = 1;4;®52
2, @7 2]' =2, 7 1]'.20 = 21'4_]' R 20

The left chiral generator is 21 ® ; 1o and the right chiral generator is 1o ® ;21 = 11 ® y2¢. The
algebra Oc(&7) is isomorphic to Oc(&5), the quantum symmetry matrices O, are still given
by [B@l). The difference is in the chiral conjugacy.

® 13® 2

25 ® 20

. 1L ® 20

15 ® 20

Figure 5: Ocneanu graph Oc(&5)*. The two left chiral generators are 21 ® 1p and 25 ® 1¢, the
two right chiral generators are 17 ® 29 and 19 ® 2.

The generalized Dynkin diagram £ = &;/3 The graph associated to the initial modular
invariant (B7) is a module graph for the Ocneanu graph displayed on figure[l It must therefore
be a module graph of the & graph itself: it is obtained as the Zz-orbifold graph of & (see
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[T4]). We write this module property ab = S (FE)js¢, for a € & and b,é € & /3, encoded
by the 12 matrices F. From the associative property (a.b).é = a.(b.¢), these matrices must
satisfy the same commutation relations (B2) as the graph algebra of &5, and can be recursively
calculated from F2“:17 which is the adjacency matrix of the £5/3 graph displayed on figure B
The &5/3 graph is also a module over the algebra of quantum symmetries, the action being
defined by (a ®; 10).Z~) = a.b and (a ®j20).b = a.20.b. The dual annular matrices S, are
therefore given by S,—.¢,1, = Ff and Sy—ug,2, = FzgoFf . We check the dimensional rules
dim(B(&2) =3, d3 = >, d2 = 3264.

Figure 6: The £ = &5/3 generalized Dynkin diagram.

So both graphs G = &; and &;/3 have the same (isomorphic) algebra Oc(G) of quantum
symmetries, but its realization in terms of tensor square of &5 is different in the two cases, as
well as the chiral conjugation, and, of course, its module action on &5 or on &;/3.

4.4 The & case of su(3)

We start with the following su(3)9 modular invariant partition function:

9 9 9 9 9 9 |2 9 9 9 |2
Z = |X00+ X0 T Xo0 T X4+ Xa1+Xaal"+2x22 + X255 + X52]7 (41)

where X?\’s are the characters of su(3)g, labelled by A = (A1, A2) with 0 < A, Ay < 9,
A1+ A2 < 9. The modular invariant matrix is recovered from Z = )\ xaMy,X,. The
number of irreps is d4 = 55. The fusion matrix N ) is the adjacency matrix of the Ag
graph, the truncated Weyl alcove of SU(3) irreps at level 9. The other fusion matrices are
determined by the recurrence relation (B2).

Determination of toric matrices W,y We have dop = Tr(MM!'") = 72 and therefore
an Ocneanu algebra with 72 generators z and also 72 toric matrices W,o. However these
toric matrices span a vector space of dimension r = 45 < 72, i.e. they are not all linearly
independent. For each matrix Ky, = Ny\MN ﬁr we consider its “squared norm” defined by

2 .
¥ = (K arp:
e There are 27 matrices K, with squared norm 1, each one defines a toric matrix Wo.

e There are 12 linearly independent matrices K, with squared norm 2, but each one
is equal to the sum of two already determined matrices. We don’t find any new toric
matrix in this family.

e There are 21 linearly independent matrices K, of squared norm 3, none of them being
equal to the sum of three already obtained matrices. Twelve amoung these 21 are equal
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to the sum of one determined matrix and a matrix having coefficients multiple of 2. A
solution leading to squared norm 3 is to define a new toric matrix by dividing by 2 the
matrix with coefficients multiple of 2, and adding them to the list with a multiplicity
two. From these twelve we obtain actually only eight different toric matrices (because
some are obtained more than once), each one coming with multiplicity two. Nine of the
21 matrices have coefficients which are multiple of 3. We define nine new toric matrices
by dividing these matrices by 3, each toric matrix obtained in that way appearing with
multiplicity 3. At that stage, we have determined 27 + (2 x 8) + (3 x 9) = 70 toric
matrices.

e There are 24 linearly independent matrices K, with squared norm 4, but each one is
equal to the sum of four already obtained matrices. We don’t recover any new toric
matrix. This is also the case for squared norm 5.

e There are 10 linearly independent matrices K, with squared norm 6. We discard those
that can be written as a linear combination of already determined toric matrices, and
pick up one of the others, for example K,,. We build the list of matrices Ky, — W, for
W, running into the set of already obtained toric matrices, searching for matrices with
non-negative coefficients. With our choice, it is so that K, is the sum of two times a
toric matrix plus a new one which has matrix elements multiple of 2. Dividing the later
by 2 and adding it to the list, with multiplicity 2, we get the last toric matrices.

We have indeed therefore determined the 72 toric matrices, 45 (=2749+8+1) of them being
linearly independent, but appearing with multiplicities (27 of multiplicity one, 9 (=8+1) of
multiplicity two and 9 of multiplicity three). We can check the result by a direct substitution
in the 55 x 55 = 3025 matrix equations over non-negative integers ().

Determination of V() 0,0 and V(g 1,00 We compute the set of matrices Kfu =
NaWgoN/ for {Au} = {(1,0),(0,0)} and {(0,0),(1,0)}, and decompose them on the family
(not a base) of toric matrices W,y using ([I2). Since the W,y are not linearly independent,
the decomposition is not unique, and we introduce some undetermined coefficients. Imposing
that they should be non-negative integers allows to fix some of them or to obtain relations be-
tween them. More constraints come from the fact that we have V(g g) (1,00 = C-V(0,0),(1,0)-C -1
where C' is the chiral operator. Notice that C itself is deduced from the previous relation
even if Vig oy 1,00 and V(g ),(1,0) still contain free parameters, by using the fact that it is a
permutation matrix. Choosing an appropriate order on the set of indices z, we obtain the
following structure for V(; o) (0,0):

Ad(&) .
Ad(&) .
. . Ad(& .
V(1,000 = ) ) ( 2 Ad(My) ) (42)
Ad(My) .

' Ad(My)

where Ad(&y) and Ad(My) are 12 x 12 matrices (still containing some unknown coefficients).
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The generalized Dynkin diagram & The Ad(&y) matrix is the adjacency matrix of the
graph & displayed on the l.h.s. of figure [l It possesses a Zs-symmetry corresponding to
the permutation of the three “wings” formed by vertices 0;, 1; and 2;. The undetermined
coefficients of the adjacency matrix reflect this symmetry; they are simply fixed once an
ordering has been chosen for the vertices (something similar happens for the Deye, series of
the su(2) family).

The vector space of the & graph is a module over the left-right action of the graph algebra
of the Ag graph, encoded by the annular matrices Ff

Agx € —E&: Aa=a- A=) (F{)ab AXeAy, abe&y. (43)
b

The F f matrices give a representation of dimension 12 of the fusion algebra and are deter-
mined from the recursion relation ([B2) with F(EO,O) = li9x12, F(ﬁ,o) = Ad(&). We notice
that fundamental matrices (for instance F(1,9)) contain, in this case, elements bigger than 1,
however, the “rigidity® condition” (F))s = (Fj«)pe holds, so that this example is indeed an
higher analogue of the ADE graphs, not an higher analogue of the non simply laced cases.
Triality and conjugation compatible with the action of Ag can be defined on the &y graph.
Triality is denoted by the index i € {0,1,2} in the set of vertices 0;,1;,2;. The conjugation
corresponds to the vertical axis going through vertices Oy and 3¢: 0f = 0o, 15 = 20, 37 = 3o,
T = 02,17 = 29,15 = 24,37 = 32. The Zs-symmetry action on vertices of & is denoted
p3. The axis formed by vertices 3; is invariant under ps and the symmetry permutes the
three wings p3(00) = 1o, p3(10) = 20, p3(20) = Oo; p3(01) = 11, p3(11) = 21, p3(21) = O1;
p3(02) = 1g, p3(1l2) = 22, p3(22) = 02. Once we have fixed the origin of the graph (the vertex
0p), the graph still possesses a Zo-symmetry corresponding to the permutation of the two
remaining wings, formed by vertices 1; and 2;. We denote po this operation: py(1;) = 2; and
ps =1
The &y graph has also self-fusion: the vector space spanned by its vertices has an asso-
ciative algebra structure, with non-negative structure constants, compatible with the action
of Ag. 0p is the unity and the two conjugated generators are 0; and Oy. The graph it-
self is also the Cayley graph of multiplication by 0;. Due to the symmetry of the wings
of the graph, the knowledge of the multiplication by generators 0; and 09 is not sufficient
to reconstruct the whole multiplication table; we have to impose structure coefficients to
be non-negative integers in order to determine a unique solution (see [6, 25]). The whole
multiplication table is encoded in the graph algebra matrices G, for a € &. We give be-
low the expression for the matrices G, and Gy, the other matrices are defined by Gy, = 1,
Go, = Gf{; = Ad(&y), G3, = Go, Go,—Go,, G3, = Gg’; = Go, Go, —Go,, G1, = Gg; = Go, G1,
G12 = GZ = G02 Glo- In the ordered basis (00, 10, 20, 30; 01, 11, 21, 31; 02, 12, 22, 32), Glo and

5We call it that way because of its relation with the theory of rigid categories, see for instance [Z11).
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Figure 7: The graphs & and My

G, are given by

Gu=Cun=| (44)

1
Notice that multiplication by 1y corresponds to the Zs operation: 1g.a = p3(a). The matrix
(1, is the permutation matrix representing the action of the Zs operator p3: (Giy)ap = 5b,p3(a).
We have (G1,)? = 1 and (G1,)? = Ga,, so G, represents the operator (p3)?.

Other aspects and properties of the & graph and of its algebra of quantum symmetries

(semi-simple structure of the associated quantum groupoid, semi-simple structure of Oc(&y)
itself, quantum dimensions and quantum mass) are presented in [6, 25, @].

The generalized Dynkin diagram Mgy The matrix Ad(My) is a 12x 12 matrix with some
unknown coefficients to be determined. Imposing this matrix to be the adjacency matrix of a
graph such that the vector space spanned by its vertices is a module over the graph algebras
of Ag and of &y leads to a unique solution. The graph is displayed on the r.h.s. of figure [
and corresponds to the Zs-orbifold graph of £, denoted Mg = Eg/3.
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The vector space spanned by vertices of the Mg graph is a module over the left-right
action of the graph algebra of Ag encoded by the annular matrices F ){Vl

Agx Mg — Mg : X-a=a-A=>» (F{),;0 AN€Ay, abeMy.  (45)
b
The F ){Vl matrices give a representation of dimension 12 of the fusion algebra and can be
determined from the recursion relation ([B2) with F(/(\)/,to) = li9x12, F(/l""o) = Ad(My). Triality
and conjugation compatible with the action of Ag can be defined on the Mg graph. Triality is
denoted by the index i € {0,1,2} in the set of vertices a; € M. The conjugation corresponds
to the vertical axis going through vertex 0g: 0 = 0g, 05 = 0q, 3% = 30, 3p* = 34, 30* = 34,34 =
32’3/* -3 ’3//* _ 3//‘
The vector space spanned by vertices of My is also a module under the action of the graph
algebra of &. Here we will distinguish between left and right action. The left action of &g is
encoded by a set of 12 x 12 matrices denoted Pf

Egx Mg — Mg: a-b=> (P, ¢ acé, béeMy. (46)

b-a=pa(a)-b (47)
and is encoded by a set of 12 x 12 matrices denoted P’: b-a = > &(Py);e € with Py = P,f (a)°
The module property (a-b)-é = a - (b-¢) imposes P! matrices to form a representation of
the graph algebra of ; they satisfy P!Pf = > (Ga)pPt. Similar relations exist for Pr
matrices. We can compute the set of matrices P! using the multiplicative structure of 89
We give below the expressmn for P1 and P20’ the other matrices being defined by P, 2
P(i = (POQ)tT Ad(Mg) P30 = P01P02 Pg()’ P32 - (P3£1 )t?“ P01 P(i sz’ P11 - ( )tT’ =
P{ P{, Pf, = (P§ )" = P{, P{ . In the ordered basis (0o, 30, 3), 37; 01, 31, 31, 3{; 02, 32, 32, 39,
Pfo and P;O are given by

PfO — (P2€O)t7” (48)

1
There is also an operator ph acting on vertices of the Mg graph, inherited from the Zg
symmetry of the & graph through the orbifold procedure. It satisfies the following property:

pa(a)b = a ph(b) (49)
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We have 1ga = p3(a), so ph(a) = loa. It is defined by 05(0;) = 0;, p5(3;) = 3%, ph(3h) = 37,
p5(37) = 3;, for i = 0,1,2. The matrix Pfo is therefore the permutation matrix representing
the action of the Z3 operator py. We have (P )* = 1 and (P{)?> = Pj§ , so Pj represents the
operator (p})%.

The vector space & ® Mg We define the vector space H = £y ® My, and we want to
define (this will be used later) an associative product on H with the following structure:

| & My
E | & My
Mg | Mg &

We define the following multiplications:
EoxE —E : ab=") (Galpec

Egx Mg —> My : ab=> (Pl).é

MygxE — Mg : ba= y

>
MgXM9—>59 : CNLB:Z(H[})I;CC.

The associativity property on H reads a(bc) = (ab)c ; a(bé) = (ab)¢ ; a(be) = (ab)c

a(be)=(ab)c;a(bé) = (ab)é;a(bé) = (ab)é;a(be)=(ab)c;a(bé) = (ab)é, and induce
a set of relations between matrices G, P, PI and H,. In order to satisfy them, the unique
solution for coefficients of the H. matrices is given by:

(He)ay = (Poyo)ass = (PD)gei - (51)

The Ocneanu algebra of quantum symmetries and a realization The matrix
V(1,0),(0,0) 18 the adjacency matrix of the left chiral part of the Ocneanu graph. The graph is
composed of six subgraphs, three copies of the & graph and three copies of the Mg graph,
as showed on figure B We label the vertices as follows: x = a ® 0; with a,0; € & and
i =0, 1, 2 for vertices of E-type subgraphs and z = & ® 3; with @,3; € Mg and i = 0, 1, 2
for vertices of Mo-type subgraphs. The matrix V(; ¢ 0,0y corresponds to the multiplication
by the left chiral generator 01 ® 0p. The matrix V(g g) (1,0) is the adjacency matrix of the right
chiral part of the Ocneanu graph Oc(&y), and corresponds to the multiplication by the right
chiral generator Oy ® 01. The dashed lines in the graph corresponds to the chiral operator C'.
We have V(g,0),(1,00 = CW170)7(070)C_1. The multiplication by 0y ® 0; is obtained as follows.
We start with z, apply C, multiply the result by 0; ® 0y, and apply C~! = C. From ma-
trices V(1,0),0,0) and V(g,0),(1,0) all others V, (hence also the double toric matrices W) are
calculated straightforwardly using equations ([ZHIJ).

From the multiplication by chiral left and right generators 0; ® 0g and 0y ® 0; (and their
conjugate) we reconstruct the multiplication table of Oc(&). As for the graph matrices of
&y, the calculation is not straightforward, but imposing non-negative integer coefficients leads
to a unique solution. The result is encoded in the 72 quantum symmetry matrices O, of
dimension 72 x 72.
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3031

Figure 8: The Ocneanu graph Oc(&) = Oc(My). The two left chiral generators are 01 ® O
and 0y ® Og, the two right chiral generators are Oy ® 0; and 0y ® 03. The tensor product a ® b
is denoted with the shorthand notation ab.
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Realization of the quantum symmetry algebra In order to have a compact (readable)
description of these matrices and the multiplicative structures of the algebra of quantum
symmetries, we propose the following realization of the algebra of quantum symmetries:

Oc = “59 ®Zg 5977 = (59 ®P 89) @ (Mg ®P MQ) ) (52)

where the notation ®, means that the tensor product is quotiented using the Zg symmetry
of graphs & and My in the following way. A basis of the quantum symmetry algebra is given
by elements {a ® 0;, @ ® 3;} for i = 0,1,2. The other elements of & ® & and Mg ® My are
identified with basis elements {a ® 0;, @ ® 3;} using the Zz symmetry operators ps3 and A
of graphs & and Mgy and the induction-restruction rules between the two graph algebras, as
follows:

e a®l; = a®ly-0; =1p-a®0; = ps3(a)®0; (53)
e a®2 = a®2-0; =2 a®0; = (p3)*(a) ®0; (54)
° a®3; = Z(E@O)aad@)gi (55)
e a®3 = a®ly-3=10-a®3 =p4a)®3; (56)
o a®3 = a®2 -3 =2 a®3%=(ph)2a)® 3 (57)
° a®0; = Z(Eg(;)a,aa®0i (58)

Here the matrix E()O encodes the branching rules & < My (obtained from matrices Pt
implementing the & (left) action on My as follows: (Ej).: = (PY);). Explicitely, we have:

1 . 0o — 0o
1. lo = 0o
1 . 20 — 0o
T 30— 30+3,+3f
. 01 — 01
11 1 . : . . 31 = 31 + 3’1 + 3,1,
1 . . . 02 s ()2
L 1o — 0
L 2 < 0
- 111 32 = Ba+3,+3y

The multiplication of the basis generators {a ®0;, @ ®3;} is then naturally defined using the
multiplication rules (B) and the projections (B3HES). We introduce the matrices R" defined

from the right action of & on Mg: ba = > :(Pa)pe € = 2oa(1)ac €. It can be seen that the

algebra Oc(&g) is non commutative and isomorphic with the direct sum of 9 copies of 2 x 2
matrices and 36 copies of the complex numbers. With our parametrisation, the quantum
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symmetry matrices read:

Ga . . . )
. Ga . . .
. . G . . .
Oa®00 = “ Pl
. . . L .
Y
. Pt
Ga . .
. . Ga . Ga EO
Ga . Ga Eo . .
Oa®01 = ) Pf Eér' . Pf (]l + Pllo)
PLEE . . P!
Py (1+ Py)
. . Ga .
Ga . . Gq Ey .
. G . . Ga Eo .
Oagoy, = , . P'EY : . PE(A+P)
. . Py (1+Py) .
P! EE . . Pt
(60)
. RC .
a
Ry E§ - Rp(I+ Pf)) -
0. _ RLELT . RE(1+ Pf))
a®3o Hz . 2(Hz Eo) . .
H&(]l-i-Glo) . . H@Eo .
. Hi(1+ Gy,) . . HzEp
. ) R )
a
Rr EfT - . R:
0. . = . RE(1+P§)
a®31 H&(]l-i-Gzo) . H; Ey .
. . Hp . . Hj Eo
Hg . . Hz Eo .
) RL
- RZ(1+4 P§) .
0. - — RI Bf" . ) R: )
a®32 . Hz(1+ Gap) . . H; Eo
Hg . . Hz Eo . .
Hy . . Hj Eq

Triality ¢ is well defined on this algebra: t(a; ® 0;) = t(@; ® 3;) = + j (mod3). The left
chiral subalgebra (by definition the algebra generated by the left chiral generator 0; ® 0g) is
L = {a®0p}. The right chiral subalgebra (generated by 0y ® 0;) is R = {0p ® a}. With the
projections (E3HES), R correspondonds to the set of elements {0y ® 0p, 19 ® 0g, 2y ® 0, 0p @
30,00® 01,19 ® 01,20 ® 01,00 ® 31,00 @ 02, 19 ® 02, 20 ® 03, 0p ® 32 }. The ambichiral subalgebra
(by definition the intersection of L and R) is A = {0y ® 0p, 1o ® 09,20 ® 0p}. The chiral
operation C' on the basis elements is defined by C(u ® v) = (v @ u), for u,v € H = &9 & My
(and using the projections (B3HER))). The self-dual elements obey C(u) = wu, they are the
ones in figure B which are connected to themselves by the dashed line. A-elements are, in
particular, self-dual.

One modular invariant and two graphs Starting from the modular invariant {Il), we
obtain the set of toric matrices Wyo, double fusion matrices V), and quantum symmetry
matrices O, together with the corresponding Ocneanu graph. By an analysis of the later,
it clearly appears that there are two graphs that are modules under the quantum symmetry
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algebra, the & and Mg graphs. Using the realization of the quantum symmetry algebra
described above, the action is defined by:

(a®0;).b = a.0;.b St —ago, = Go,Ga
OCX59—>59 { (d®3z)b _ d?)zb S‘;:&@gi — Rgl H& (61)
(a®0;).b = a.0;.b SM w0 = P§ P!
O ~ ~ ~ ~ 3 1 62
XMy — My {(d®3i).b — a.3;.b Mows = B3 Ha (62)

We have therefore two quantum groupoids associated with the initial modular invariant,
constructed from the graphs & and My. Setting d§ = Za,b(Ff)abv dé = Zmb(S:‘g)ab, dj\w =
Zmb(F){Vl)ab, dM = Za’b(Sg/CVl)ab, we check the dimensional rules:

dim(B(&) = > (d5)* = (d5)* = 518976 . (63)
A x

dim(B(Mg) = > (d3')? =) (a)")? = 754272 . (64)
A T

The rejected diagram In the first list of SU(3)-type graphs presented by Di Francesco
and Zuber in [IT], there were three graphs associated with the modular invariant {Il): &y,
Mg and another one, displayed on figure @l This graph was later rejected by Ocneanu in
[20], because some required cohomological property (written in terms of values for triangular
cells) was not fullfilled. In other words, this graph gives rise to a module over the ring of Ay,
with the right properties, but the underlying category does not exist. Using our methods,
this graph does not appear either. The reason is that it should be a module over the quantum
symmetry algebra, but this is not the case: we can try to define such an action on this graph,
but there is no solution when we impose the coefficients to be non-negative integers. In other
words, imposing that a graph should define both a module over A and a module over Oc,
with the expected non-negativity properties, amounts to impose, at least for the members of
the su(3) family, that both the module condition over A (only), together with the self - cell
condition, should be satisfied. The methods described here provide therefore also powerful
checks for graphs that are candidates to be described by quantum groupoids associated with
modular invariants.

Final Comment The Ocneanu graphs displayed in this paper (Oc(Fg), Oc(E5), Oc(&))
have been first obtained by Ocneanu himself. For instance those associated with members of
the su(3) family were displayed on posters during the Bariloche conference (2000) but the full
list never appeared in print. Several techniques [0, 25] allow one to recover some of them from
the knowledge of the Di Francesco - Zuber diagrams. The present paper actually emerged
from our wish to obtain the Ocneanu graphs Oc(G) (and the graphs G themselves, of course)
from the only data provided by the modular invariant.

Acknowledments The authors wish to thank R. Coquereaux for his suggestions, guid-
ance, and help. G. Schieber was supported by a fellowship of Agence Universitaire de la
Francophonie (AUF) and of FAPERJ.
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Figure 9: The rejected Di Francesco-Zuber graph.
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