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ABSTRACT

In ferromagnetic systems where the NMR spectra present un-
resolved electric quadrupole interactions the spin echo am-
plitude shows an oscillatory behaviour as a function of the
time separation T between excitation pulses. These oscillatidna
are in general attenuated.

In. the present work spin echc amplitudes are numerically com
puted, using a simple algorithm. The calculation is made for
several values of the nuclear spin I and for different excita
tion conditions. The curves are compared with available analy
tical calculations. The amplitudés of the mulﬁiple-sPin.mxhoes
(for T > 1) are also obtained..

The calculation is extended tb the case of non-axially sym-
metric electric field gradients (EFG's) and to ‘inhomogenecus -
EFG's; the attenuatlion in the corresponding amplitudes éog
fitms that these conditions explain curves observed experimen-

tally.

Key-words: Pulsed NMR; Spin echo; -Quadrupole interaction; Fer

romagnetic systems.
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INTRODUCTION

A spin echo is formed when an ensemble of magnetic moments .in
an inhomogeneous magnetic field is ercited by a sequence of
short radio-frequency pulses (E.L. Hahn (1)). The echo is the
signal arising from the re-focussing of the precessing magnetic
moments; in Hahn's experiment two pulses are applied, separated
by a time interval t, and the echo appears at.t =2t (Fig. 1).
The formation of a spin echo in a nuclear magnetic ' Tresonance
(NMR) experiment was discussed by Hahn, using Bloch's equations
(1).

Solomon (2) examined the case of nuclei ﬁith spin I =5/2 in
the presence of a magnetic field and an electric field gradient
(EFG). Assuming an interaction with the rf field much larger than
the electric-quadrupole interaction, several echoes result. For
a sequence of two pulses, one turning the spins by ' .an: fangle
6 =1/2, the second by an angle 8' =w%/5, Solomon obtained multi-
ple echoes, i.e., four more echoes at 3t/2, 51/2, 3'r_ and 41, besides
Hahn's echo at t =2t1. A density matrix formalism was used; the
Hamiitonian-included a maghetic term and an electrostatic term
(interaction with a distribufion of axially symmetric EFG's).
The effect of the rf pulses was introduced via rotation cperators.

Butterworth (3) considered both a distribution of magnetic
fields and of EFG's in the Hamiltonian and computed, for I =3/2
and I =5/2, the dependence of the echc amplitude on the tur-
ning angle of the second pulse. Rotation operators accounted far
the effect of the rf pulses.

In ferromagnetic systems where the NMR spectrum presents un-
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resolved electric quadrupole interactions, the echo amplitudes
versus pulse separation T show an oscillatory behaviour. The
osclllations can be interpreted ag beats arising from the un-
equal spacing of the nuclear hyperfine levels. They have been
computed analytically for I =3/2 by Abe et al. (4) within a
perturbation scheme, for the case where the-hyperfihe- interacg
tion is:either smaller or larger than the interaction with the
rf pulses.

We adopt in the present work the model described in ref. (4),
but in order to calculate the spin echo amplitudes we develop
an. algorithm which allows numerical computation for any value
of tﬁe nuclear spin and for different excitation: . conditions
(i.e. duration of the pulses, intensity of the rf field). In
principle the computation is free from any perturbative appro-
ximation..In next Section the main steps in the treatment of
ref. (4) are summarized and an algorithm to compute numerically
the spin echo amplitudes for t =21, 31, etc. is presented.. In
seguence several applications of this .algorithm are . ..carried
out. A comparison of the numérical method with the analytical
results of ref. (4) is given. Other applications-a:e detailed,
particularly the derivation o©of multiple echoes and the oscilla~
tions in the curve of echo amplitude versus T. Finally, ef-

fects of asymmetry and inhomogeneity in the EFG are discussed.

FORMULATION OF THE PROBLEM

A spin system consisting of one nuclear species of magnetic
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moment p and electric quadrupole moment Q interacts with an
internal magnetic field and an electric field gradient. The spin sys
tem is Sﬂmﬁﬂﬁﬂ'&3ﬁﬁiradio-frequency'puLéeB\ of duration t,
and t;, separated by a time interval T, as sketched in the
diagram shown in Fig. 1l; five regions 0, I, II, III and IV are
then defined.

In.a frame of reference that rotates with an angular fre-
quency w, identical to the rf'frequency and near the Larmor
frequency L the Hamiltonian of the hyperfine Interaction

(magnetic and electric) is given by
%hf = (Wo ~w) I® ~I~-iii-(‘.li-2=)'jl ’ )

where a =3e?qQ/ 4I(2I -1) is the electric quadrupole interac-
tion parameter.
The time dependent part of the Hamiltonian is given by the

interaction of the spin system with the £f:

{ O in region 0
= “1 Iy n n I
aélnt
(¢ " n Ix
¥ .
. UII " " III
\ 0 1" " iv -

where W, is the angular frequency of the nuclear :precession
induced by the radio-frequency.
One assume& an inhomogenecus distribution of hyperfiine fields

given by a function f(wbl, centred in L and of width &wo.
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As a consequence the average value of the transverse component
of the nuclear magnetization, in the rotating frame, is . divena

by

8'(t) = I dwoF (wojs' (t) (3)
where s'(t) is obtained from

s'(t) = 'I'rl:a'(t)I"'] (4)

and ¢'(t), the density matrix operator, is given by the eqgua-

tion of motion
ido'(t}/dt = l:%' ' o'(t)] '(5)

I+ is the transverse component of the spin operator andab' is
the complete Hamiltonian in the rotating frame.

A formal sclution of Egq. (5) is

_ i t gt gt
o' (t) = UpyUrrrGiro’ ('Q)Uﬁjnuu_zulrv (6)

where

L
il

exp[A,] , 1=10,...,IV

o
]

o 3 _ z . 2 y
I ltw[(.wo wiI® + ai®’+ WII ):l

= - - - z ) 2
AH—, i(r tw) [(wo-w)I +a,{,Iz)]
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_'5_
UIII and U&u are.51milar to UI and.UII, where.tw is replaced
] ' - - -1 1 : 3
by te e Wy by wy and T tw.by t -1 tw, 0'{0) is the socdbutidn

of the density matrix in thermedynamic equilibrium (t=0),

In order to. compute s'{t) for t =nt, where n &8 an = integer
and T is the-inte:val between rf pulses, we remind that F(wo)
is. the conwvalution of the distribution of Larmor frequencies
f(w))and the Lorentziah lineshape h(wéiﬁof-natural linewldth,

that is
F("'b}' =‘J’ dw(')f(w{;)h(wc')) (7)

Finally we want to obtain S(t} at t =nT1, where S(t) is the
average of the transverse component of the nuchdar spin “in the

lakoratory system
S{t) = expl{iwt)s'(t) (8)

The combined application of Eqs.'(4), (6}, (7) and (8) al-
lows us to obtain explicitly the spin echo amplitudes at t =2t
(Hahn's echo), but also at 31, etc. As a consequence of the
distribution of hyperfine fields the average of the echo am-

plitude in the laboratory system is given by

El"(zT -tw +t:;) =exp[—(21’ -tw +t‘;)-/T2]TrEO’-(2T - tw +t:')';j+J (9)

where '1‘2 is the transverse relaxation time, and

_ ¥ gt gt
F(2r -t +t!) = U U U (e UL U7 UL (10)
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and E(tw) has non-zero elements only on the line one above the
diagonal. These elements are those of uKtw). This result may
be generalized for multiple echoes: one has to compute the
echo amplitudes t =371, etc.;now E{tw) has non-zero elements on
line two above the diagonal, three above, etc.

The above outlined prescription to obtain the echo amplitudes
was applied by Abe et al. (4) to the case of I =3/2. Analytical
gsolutions were obtained, choosing. appropriate eigerstates of 1%
(or 17). Expression 6 was then explicitly computed using the
identity

exp (BB) expE 8 (n-pc}:‘ =1 ,-fdlexp (AB)Cexp El (B4C )] {11)

B
exp-[— 8 (B+C)] =exp(-gB){1 - f dXx exp(AB)Cexp (-AB}
0

+ f dl.'l',jlldlzaxp(ll B'}CaxpE (11-1”2)B]c:exp(—xza) + weed (12)
s :
where B and C are operators and B does not commute with cC,
but C contains. a perturbative parameter which allows a cutoff
in the above expansiocon.

In the present work we perform.nwnerical computations ofi the egho
anmplitudes using a procedure which i1s not perturbative. To
evaluateFSTtw), §(2t) and finmally Ey(21), expresskm# 9 and

.10, we make use of the following identity (5).
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where D, is a diagonal matrix built with the eigenvalues of Ai:
M. the modal matrix, is constructed with the eigenvalues

associated to the eigenvalues of.Ai. The following -quantitiés
are investigated: a) the ampliﬁude of the first spin echo as a
function of the time interval t between the rf pulses, for the
cases I =1 and I =3/2 using both the énalytical,methodology of

Abe et al. (4) and the algorithm developed in this work; | b)

echo amplitudes versus angle of rotation (8') of the @ ‘:second
rf pulse for different walues of nuclear spin; ¢) echo amplitudes

versus separation t between pulses, for different .excitation

conditions; d) amplitudes of the echoes of order 2, 3, etc; e) . ef-

fects of asymmetry in the electric field. gradient and of a dig.
tribution of hyperfine interactions on the amplitude of the
echoes.

The numerical methodology described here is illustrated for
the case I =1 and a sequence of 1/2 and 7 pulses, in Appendix

A,

NUMERICAL COMPUTATION.:OF SPIN ECHOES

We have chosen a set of parameters based on experimental re
sults of %o NMR in intermetallic compounds of formula  RCoyg
(R 8 a rare-earth) (Hirosawa and Nakamura (6)). The numeri-
cal results obtained in the computation of echo ampliitudes

with these parameters are presented below.
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a) Comparison with the analytical results

‘With the parameters T =4.2 K, WB =69_ MHz, a=0.6 MHz, tw =
0.5 us, t; =1,0 us, we have computed numerically, for I =.l,
the amplitude of the first echo (n=1} as a function of .
This was done for two different angles of rotation of the second
pulse (8' =+ and.e; =n/2}). These curves are shown in Fig. 2a
and 2b, togethér with the plot of the expression given by 2Abe
et al. (4). In an analogous way, the case I =3/2, 6'=7w was
studied (Fig. 2c).

A visual inspection of figures 2a, 2b and 2c reveals the
following features: i) I =1z the amplitudes of the .osciila-
tions derived numerically and analytically show a very good
agreement., It éhould be noted that for €' =7/2 the oscilla-
tions are above the axis of t, but for 8' =n the echo ampli
tudes oscillate above and below zero; 1i) I =3/2§ there is
a close agreement between the curves obtained by the two me-
thods: however,.a small phase difference is apparent. The
amplitudes show a small excursion below the axis {(for 6' =7,

and the oscillation frequency is different from the case I =IL.
b} Eche amplitudes versus angle 6'

We have also applied the numerical method to compute the
echo amplitudes for different values of the angle of rotacidn
of the second pulse (8'). The echo amplitude for a fixed T
and for différent values of wi and t; (cases I =1, 3/2, 2,
5/2, 3 and 7/2, are given in the series of curves in Fig. 3a
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and 3b.
c) Echo amplitudes versus separation T

The echo heights versus separation T between the two pulses,
for the angle 8' that gives maxiﬁum echoes are shown in Fig. 4,
for different values of gpin I. The behaviour of the achoes
versus T for different values of the turning angle 6' and for
nuclear spin I = 5/2 is given in Fig. 5; here the duration of
the two pulses was 0.5 us and 1.0 us,.respectively, and the
rf intensity of the second pulse (wi) was varied. The presence
of higher harmdnics is evident; this effect had also been ob-

served experimentally (4,7).
d) Echoes of order n >1

The numerical method allows us to verify the occuxrence of
multiple: echoes and to compute the'amplitudes.El(ZT), E, (37)
and so on. These amplitudes have been calculated for I =3/2,

5/2 and 7/2 mand are shown in Fig. 6 for I =3/2.
e) Effect of asymmetry and inhomogeneity of the EFG

The spin echo oscillations. observed experimentally in some
ferromagnetic systems show attgnuation in the amplitude, as a
function of the pulse separation T. Degani and Kaplan (8) sug
gested that £his attenuation could arise from a non—axially

symmetric EFG (asymmetry parameter n # 0). The expression of
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the electrostatic part of the nuclear hyperfine Hamiltonian is,

in this cases:
Hoy - 2fr% - T@+11/3 <@+ @] (14)

We have, in our cadculation, compared the amplitude for a
non-axial EFG.to the axial case, for I =%, 3/2, 5/2 and 7/2,
for two values of the angle of rotation of the second pulse 6'.
Some results are shown in figures 7a and 7b. The computed echo

amplitudes can be described by the following function:

21-1 -
E, (21) =exp(~2¢/T,}  ]' C cos(mnnt)tos|2nat + & (15)
1 2 a=p B . n.

The curves E1[2T) computed for n # 0 allow us the conclusion
that the asymmetry may be responsible for the echo attenuatidn.
For I =1 (Fig. 7a) an apparent attenuation is observed in the
calbulated curves for n = 0.2.

In the situation where the resonant nuclei expertience dif-
ferent electric field gradients, a disgribution of values of

the parameter a has to be introduced in Eq. (3):
S' (£) =-J aw _F(w )s' (t)£(a)da (16)

where f(a) is taken as a normalized gaussian. The amplitude
of the oscillations of the first echo for I =t (8'=n/2 and
) and I =3/2 (8' =7/2} computed with a distribution of EFG's

is shown in Fig. 8a, 8b and 8¢ for a distribution of the para
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meter a 0.1 MHz wide. The amplitudes are attehuated and this
result 'is obtailned for axial}ly symmetric and non-axially sym-
metric field gradients. The damping of quadrupolar oscillations
has been related to the width of the distribution.of quadn;ﬁﬁar
frequencies qu in the analysis of ''B (I =3/2) NMR by Erdmann
et al., (9). They have fitted their experimental data . .to .  the

function

E, (21) =f (21){ t‘-.‘o.+ exp(-41rﬁvQ-r) Clgos(Zﬂ‘\J_QT'-!-fé_l)
+ Czcos(4qut + 521]} X17)
where f (2t} contains the T, decay.and v. = a/m.

2 Q

CONCLUSIONS

We have shown that a wide range of nuclear spin écho pheha-
mena can be described within a simple model, originally po-
posed by Abe et al; (4)}; the numerical method here ' developed
allows the computation of echoes as a function of various re
levant parameters and is fiee from any perturbative approxima
tion that may restrict the ugeful range of model parameters.

The effect of the interaction with electric field gradients
can be taken into account, arnd the resulting oscillations com
puted for different excitation conditions. It emerges | from
such. analysis that the damping of these oscillations results

naturally either from the inhomogeneity of the EFG's or from
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the asymmetry of the EFG.

APPENDIX A

In the case of I =7 the matrices Ai(i =0, I, I¥, IIX, v) "

are constructed using elgenstates of I”

O 0
Alw +a)
- 0 . (Al)
S % o 0
Q Q0 ——
w +a
)
---,’g,tw (a + Aw) -wltw/'a 0
= t /2 0 -w.t / V2
By B 1w (A2)
i 0 _wltw/ii -it_(a -ﬁm)_
a +Aw 0 0
v = (T = 0 0 {A3)
I1 i(T tw)_ 0
0 0 a-Aw
= 1 gl s 7 }
.,it‘; (a +A4Aw) wltv/ﬂ 0
- —wig!' V2"
A = witl/ 7T 0 Wit/ (nd4)

0 . w]'_t;/ﬁ -—it"' (a = Aw)
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_135
a+Aw 0 0
. _ . . - - |_. .
AW:—J.(,t T tv_l. 0 0 0 (AS)
0. 0 a-Aw

For a sequence of /2 and 7 pulses (Wit'mr = n/2 and “';'i-t:e=
) and a = 0.6 MHz, T =4.2 K, 1:;ir = th = lus, w=w_, the matrices:

A, M, and IHBI) (for example), are approximately given by

."0031 -lal 0
AI = 1.1 0 -1.1 (A6)
o 1.1  0.3i
1.6 1,0 1.0
MI = ot A R 1.3% (A7)
«1.0 1.0 ~1.0
0.4 + 0.99i 0 0
0 0 0.16 - 0.994] |
Also,
-0.37 0 0

A & -
G(0) = —22 — =2 4 10

0 0 0 (A9)
pr[[efo} 3

where 1 is the unit matrix
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and
E(tw) = 0 0 ~0.25 -0,044i (A10)
0 0 0

In asimilar way, from”AII, AiII and AIV one obtainsx:ﬂII

U .
rrr and Uy

From {10) one gets
[F0 -0.0036+0.00054  0,0175-0-05125
(=2t -t +tUI" = | 0 0.342-0.1051 0

0 0 0.342+0.1051

(All)
and finally,

. +
s'{t=21 -t -l‘-t"’) '1‘r|:6(2'r-—t +t') T ]
w e w w

=0

: = 0.684

and from (9)

E1(2T ~!tw + tw,)i = 0.698

T=0

The numerical program repeats this task for several values of T.
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FIGURE CAPTIONE

Fig.

Fig.

Fig.
Fig,

Fiqg.

Fig.

Fig.

Fig..

1 -

2a -

2b -
2c-

3a-

3b-

Time diagram showlng the sequence of .two rf pulses of
mdd&ltw and t& separated by a time interval t,-8md the
spin echo at t = 21 (Hahn's echo). Five time regidns
are defined: 0,I, II, III and IV.

Amplitude of the first spin echo, as a function .of the

time interval T between the rf pulses, for mnnclear

spin I = ); the dashed curve .is the numerical calcula
tion::and the points the analytical results (parameters
a = 0.6 MHz, w, = 60 MHz, 68' = w).

Same as Fig. 2a, for 8* = n/2.

Echd amplitudes .for I=3/2 and e'_= T

Echo amplitudes versué angle of rotation of the se-
cond rf pulse for spin 1:.{:...), spin 3/2 (-.~.-) and
spin 2 (==-=).

Eché amplitudes for I = 5/2 (....}), I =3 (=e=s=),

I =7/2 (---). The parameters are T = 5.5.:us and t& =
lus.

Echo amplitude versus separation 7T, between ' pulses
for T=1 (.e..), I = 3/2 (~e=.=) and I = 2(---) for
8' giving maximum echoes. Parameters w, = 60 MHz,

a= 0.6 MHz.

Echo amplitudes versus 1 for I = 5/2 &nd different
turning angles.of the second pulse: 6' = 7/3 (....),
' = 1 (-.~.~) and &' = 27 (---). Parametess: w, =

60 MHz and a = 0.6 MHz.
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Fig. 6 - First echo amplitude EI(2T) (¢ees), second echo ampli
tude E£(3T) (=+«=+-) and third echo 1-33 (41} t——-), for
I = 3/2.

Fdg. 7a - Echo amplitude versus 1 for I =1, €' = 1 and dif-
ferent values of the glectric field gradient - asymme-
try parameter p: n = 0.0 {(....}), n = 0.2 {-.-.-) and
n=20.4 {(-—).

Pig. 7b -Echo amplitude for I =1, 8' = 7/2 and different values
of the EFG n: n 0,0 {....), n=0,2 {-.-.-) and

n==90.4 (-—=j.

Fig. 8a~- Echo amplitude versus T for different values of the
asymmetry parameter n, and a distribution of the qua-
drupole iateraction parameter a of width 0.1 MHz, cen
tred in a, = 0.6 MHz. The parameters are I =1, o6'=
m, n =00 (coeu), n =20,2 (-.=.=) and n = 0.4 (---).
The attenuationof the echo amplitudes is clearly visible.

Fig. 8b- Echo amplitudes, for angle of rotation 6' = n/2. The
echo attenuation is also apparent.

Fig. 8¢c- Same for I = 3/2 and &' = 1/2.
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