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ABSTRACT

The application of renormalization group methods in perturbation
theory results in a definite behavior for terms of higher orders
under changes of renormalization prescription. Apparently, this
fails to be true for the one-loop correction to the moments of
the non-singlet structure functions, which is believed to be a
renormalization group invariant. We point a possible explanaion
for this contradiction in the treatment of the terms taking into
account non-perturbative effects.

Key-words: Deep inelastic scattering; Moments of structure func-

tion in QCD; Renormalization group.
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In a series of nice articles Stevenson(1)

gave a complete charac
terization of the renormalization group in perturbative theory.
Other authors(2'3'4) studied later the extension of the theoreti

cal framework.

One of the most successful applications of Quantum Chromodynanics
(QCD) is the determination of the ratios of the moments of the
struéture functions in deep inelastic experiments, the so-called
Perkins plot(&m. These results are obtained already at the lea-

ding order in the perturbative regime of high QZ.

The calculation was soon extended to the next, one loop term.
Though the experimental results don't allow yet to compare them
with the predictions of the theory; it is a current problem that
one find scattered.: in the literature how this term behaves with
respect to transformation of renormalization prescriptions.

In this short note, we want to raise the issue of an apparent
contradiction bhetween what renormalization group analysis deter-
mines to be behavior of the perturbation theory contribution and
what emerges out of the procedures used to calculate the first
(one loop) coxxections to the moments of the structure functions.

Let's give a sketchy description of how the coefficients of the

perturbative expansion of a physical observable behave under
{1)

changes of renormalization scheme (RS). According to Stevenson
a full description of RS can be given in terms of a infinite set of
parameters {0’,c1,c3,...} where

T=bln (F//\) (1)
22 - _a'(4+ca+cCatyc,al (2)
= a
aq, ( 1 3 _+t|.¢)

(here p is the massive parameter introduced in the definition, at
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one loop level, of the renormalization constants; b= By2, C= ﬁ!/’.ﬂ,l
-etc.ére the [3— function coegficients related with those of the
traditional function; a=-g /4ﬂ2  where g is the coupling
constant of QCD; A is the integration constant for the equation
that defines a ).

In order to investigate how a physical observable R transforms

under changes of RS, let us calculate the following derivatives

, sticking to Stevenson(1a’.

DiR=dR . (2 (a2 )R=0 (3)
de; (aca Fel®
with
pi,(a-)-.-:?_g'_ - Niﬁ.tﬂ (W; i*w‘i’a,ﬁ- W; af+...) L= 2,3, .-
‘Bc-;_ . )
‘ kY .
4
Using
. _
R=a"l1+rna+r na+ .. 1 (5)
we have
4
D,‘(ﬂl):_NQNM ) Dk(\"‘]r_o' k'—".?..?.,.-. ' (6)
D, ()= =N NWiL = N, (N+DWor,
D, ( = _ 2. )
, () N, NW, ) Dk(r,_)s()l h.—.g}4_},,,
etc.

In words, up to order n in perturbation theory, only n-1 parameters
FTch,...,cn_1) are relevant for the characterization of the
renormalization prescription.

Let us, equally sketchy, condense the current description of the
moments of the non-singlet structure functions
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(@12 §ax <" F @Y 5a)

Q

L,rs
N

H

r I (@ am) Oy (8b)

hx g ”‘

’ - (8¢c)
=y (s rila )0

ey
Here i is the label of the structure function (1,2_for charged

leptons ,1,2,3 for neutrinos); r,s are the flavour indices of the
hadrons intervening; xE;Qz/zv is the dimensionless Bjorken variable;
C are the dimensionally reduced Wilson coefficients for the light
cone operator product expansion (OPE) for the product of . two
currents; U are defined from a basis set 0~ ... in the OPE

(T
through Pw

<hl f)':wuwlh%_-' U by hy, O (P /s 20m)) )

N
where h indicates the momentum of a hadron state and dN§f°épo with
N
50 the lowest order coefficient in the perturbative expansion of
the anomalous dimension for the {(composite) operator 0.

For simplicity, let us consider a single term in (8h). Forgetting
about indices, consider the relevant perturbative expansion:

2 s
MAQ) = M La@m) (s acm)v..) (10a)
with
[} - -a
= [am'l (4 (_. - %b)a.(ﬂ)_o"((h/}l.)la('ﬂ)
= #(T)'élﬂ (1) | (10b)
N N ~ N
r4N - .FL _ ¥ c + _.E...L {10c)
16b 4b 4-
(104}

E*(1,am))= 1 + TE )+

LE I
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- P

(where T=bln(Q/A)). Let us assume that we perform a change in
the renormalization point through a dilation:

i} X
PL —> pe (11a)

This is a genuine transformation under the renormalization group,
which brings a change in the value of the effective coupling
constant in the theory.

Correspondingly, we should expect from (6) the change

N {11b)
ra >+ dNbK

We shall consider the problem in the same way as other authors
do, with a substancial difference: their transformation do not
change the value of the coupling constant, and this amounts to
work in practically the same renormalization scheme.

As defined in (10c}, the coefficient rf_ has two terms which are
dependent on the renormalization scheme:€! and 5:

The first is obtained from the calculation of the structure
functions for quark-lepton scattering, by comparing the left and
right hand sides in Egs. (8c) and (i0b). They read:

z

N % : N
A-Tally \n-;; - ") +O(a) =

= ( A -F'E? f}). (1-.;%-ah3;“Y](‘; ))'

(13 260 206)
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Notice that in order to have the correct renormalization group
transformation for the third bracket in the right hand side, 5“
should not depend on the renormalization parameter, . (See
below Eq. (210)), We have, then:

E:':: eN -~ 6 {13)

Calling A the actual renormalization scheme with parameter p ,
and B the scheme obtained from (11c), we have:

(A) 2 N 2
O~ 1+ (§W(E) 482, L,
O(B)= 1+ | £ ,2)

o= (g (B 87) 2ty

N 1 ™ 2
=1+ (4% (J,j'rz)+8]— 3:K)a—3—)ﬁ,r +0@") v
The last step used the relation

(M) = a(u) - a’uy b |n( 3 )+ Ocav)

T

(15)

From Egs. (12)-(15) results:

(e} (A N
£y =€ 4+¥ x (16)

1

N .
For what regards ¥1 ; from the scratch, the definition

¥ a)= yN 2 Nat (17)
O 4] 4 + X‘l (T) + taa
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-
gives, from (15),
o (® NG N
, = B, -~ o x - (18)
This means, then:
A
N — N (19)

Ya 4

and it turns out that r? is invariant under the transformation
(11a). This contradicts (11b)} clearly.

The point is that a term is lacking in (10a) which should come
from the o term in (10b), expressing the nontrivial quark

dependence of the hadron.

Remark that this dependence lies essentially out of any
perturbation analysis, which is the only framework where an
accurate characterization of the renormalization group is
available. Were it possible to perform a complete field
theoretical calculation of bound states in QCDr where the renorma-
lization group dependence is correctly accounted for, a
comprehensive relation with the perturbative formulation might be
established. |

This feature is not unique to the deep inelastic case. The
similar problem in the photon structure function has arisen

recently renewed interest‘e).

Assuming that a plausible perturbative description is possible,
we may try to reconcile our findings as follows. Since a
physical observable should be invariant under renormalization
group, and we know that (5b,5¢).

{20)

¢ - _Jaw
ar O T o Cw

we find

— %, =
:::;» d_ C)“E: (o) ()IJ (21a)
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and for its (formal) perturbative expansion#*

—

N N :
O = 41« O, alti+., (21b)

we easily £ind

N N
%(%'1‘ =-;% =d,, => O:'-—-b O:""'ANL’"( (21¢)

(under M-t peﬂ

This way, coming back to (8c) we recover for a redefined r? the
correct transformation (11b).

Let us add a few comments in conclusion.

The analysis based on a renormalization group improvement for the
evaluation of moments at leading order provides a meaningful
result, as the Perkin's plots wit. However, the wole quantitative
analysis for the moments in the next perturbative order is
inacaurate if no quantitative estimate is possible for the magni-
tude of the matrix element of the composite operator. A gross
conjecture is that all calculations are safe provided 0?13T%1 .
This number comes from looking at the figures obtained in the
application of mE ) o the current known values in MS,

demanding the stability of the perturbative expansion.

We have not regarded the problem of factorization, since we
focused our aim in the problem of how well the perturbative
results are determined from the theory. Factorizatiocn, however,
is important for practical calculations, and in this respect we
believe it should be accounted for properly when calculating the
quantity

ﬁ'_ ‘”—H MN

R == ——
L odtn (Q7A)

.

* A phenomenological ingredient is hidden here; the zeroth order
term in O? depends quite middly on a ¢1). With this
assumption, the Perkins: plot is preserved.
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since, as we have known, the matrix element of the operator
(truly factorization scheme dependent)enters.

We wish to thank Profs. José de Sa Borges Filho and Paul M.
Stevenson for helpful comments on the subject.
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