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ABSTRACT

A fermionic loop wave functional for euclidean QCD in the
t'Hooft topological limit is considered. Arguments are given that
this equation leads to a fermionic (supersymmetric} string repre

sentation for the above theory.

Key-words: Loop wave functional; Fermionic loop space; Supersym-

metric string Ansatz.
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In the last years a new gquantization of Yang-Mills gauge
fields has been ﬁursued by several authors which seems appropriate
for handling its confining phase. It makes use of the so called
"Ouantum Wilson Loop" as dynamical variable (see ref. [1] for an
extensive review) which have the meaning of being the probability
amplitude of a bosonic (Klein-Gordon) coulored particle provaga-
ting aiong a closed world line xu(s) and in the presence of the
vacuum of a pure gauge theory.

A closed wave functional for this dynamical variable at the
t'Hooft topological limit was derived: the Migdal-Makeenko equa-
tion ({1],(2]) which supports a string solution ([3]]).

In this letter, we consider the case of the above particle
possesses Dhﬁﬁ Spin degrees by making use of the Pseudo Classical
Mechanics Formalism as exposed in ref. ({4]}.

The basicdynamical variable in the loop space formulation for Bucli-
dean{QCD)Iq at N = +® is the amplitude for a quark ldop propagéte
in the vaéhum of a pure Yang-Mills. At this point our idea is im
plemented. Since the guark possesses Dirac spin degrees of free-
dom, its_(Euclidean) world line should reveals the existence of
these fermionic degrees. A natural framework to implement these
idea is the pseudo-classical mechanics ([4], {51, [61) where the
world line of a spinning particle is described by a fermionic vec-
tor position XiF)(s,B) =X£B)(s}-+iewu£s) with s being the evolu-
tion parameter, XﬁB)(s) the ordinary (bosonic) position c¢oordi-
nate and wu(s) Grassman variables associated to the spin coordi-
nates.

In this framework, the quark loop amplitude -associated to a
(

given spinning closed world line {XiF) (s,8);0<8¢% 1;X£B)(0)=XUB)[1)=

=X EEJH in the presence of the vacuum of a pure U(N) Yang-Mills
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gauge theory is proportional. to the following dynamical factor
{the fermionic version of the usual (bosonic) Wilson loop) (see

eq. (25) — ref. [4]):

1
(F)[X(F)(s 8)] = <Tr£P{exp{stIdBA (X(F)(s onDx ) (s,0)1)>

° (1)

(F)

where.A‘Sx) denotes the usual U(N) Yang-Mills potential, [P the path
ordenation of the U{N) matrix indices of the exponent in (1) along

(B) 3 a

(s) and D = 75 * the covariant derivative.

the bosonic path X
The gquantum average < > is defined by the partition functional of
the pure Yang-Mills theory.

A important remark to be used below, is that (1) possesses

the fermionic mixing symmetry ([4])

(B) .
GXU (s) 1ewu(s)

(2)

(B)
awu(s) X1J (s)

with € a Grassmanian spinor parameter.
We note that by realizing the e-integration in the phase in

(1) we get in addition to the usual term st AIJ (X(B)(s))dX(B) {s},

5]
the term responsible for the interaction between the spin degrees
. L1 (B)

and the field strenght, namely: 51 [\Du,wv]+{s) 1-"1_1\)(}(]J {s)).

In order to deduce a closed functional for the fermionic

Wilson loop (1) we shift the Au(x) - variable and get the result [2].
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1

1 : f (F) (F)
_— <Tr{P {DuFuv} (%) exp JgsIdeAu (XLl (s,8)) DXu (s,8)1}>

l
= Idolde GCD)(X(F)to,e)-x) DX (0,8}
0 L H

<Tr P{exp Jde Ai-l(xl(lF) (s,0) )DXI(JF) (s,0)}>

o%é

Qg;'w

<Tr Plexp) Jde AP (s,0)0x." (s,0)}> (3)

Now we note the crucial fact that we are in presence of a
very irreguiar path XéB) (s) which intercept itself at every point
{7} and, further, insures the gauge invariance of each fermionic
Wu-Yang factor in the right-hand side of eq.{3). As a -conseguence
of this remark; the relation (3) takes the closed form at t'Hooft

jimit N + (lim g2N_=2x%) {[1}
cC N -+ c
Cc

(F) \
<Tr{m { (DUFW) (x)w[xu (s,0);0<s5<1]1}}>

1
- Zkz_Jdo[de 5P &7 0,00 -3 Dx{* (0,0)
o

<y [xff) (5,8);0 <8 <0l><y [x‘SF)(s,e) ;0<ss1)> (4)

where we have introduced the more compact notation for the fer-

mionic Wu-Yang factors in eq. (3}

o)

(F) , ] ® )
U [Xu {s,8); 0155502] = E’{e:qajgs Jda Au{Xu {s,0)) Dxu (S,B)}
1 (5)

At this point of the analysis it is convenient to multiply

both sides of eg. (4) by the fermionic current density jv(x) =
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= G(D)ix-xéF)(G,e)va(E,e) and integrate out the result in rela-

tion to space time variable X. So, we get

(F)

<er{e{oF ) x "3, enox{F (3, B)t{J[X(F)(s,B);Osssl]}b

1
- 2}\Jdojd8 §(D) (X‘EF) (,8) - (F) G, B)]DX(F)(U e)Dx( ) (5,6)
o]

(F) (¥)

qp{x {s,0) ;Ossgc]xw[xu (s,8) ;0¢<s<1]> (6)
In order to write the left-hand side of relation (6} in a

form similar to the usual strings equations, we note the relations:

8
(F) =
Gxu (0,0}

Tr(w[XlﬁF) (5,6):0 <s<o0])

(F)

(F) ;= (F) = .
=TrIP{FuU_(Xu (o,e))va (c,a)w[x_u (s,8);0<s8<0l} (7)

and consequently {(compare with the bosonic similar relation eq.

{5-11) - eq. (5-12}) {{2]):

r (12" (5,0);0 <5 < 1=

+{ 2
lim |dg — s 03) Tr(kU[X(F)(s 8);0<8<1))
(c+§c.6)ﬁx (0- z,0)

(F) (F),=

= Te{®{(DF, & )3,0mx i, e)w{xm(s £):0<s <113} (8)

So, we can rewrite eg. (6) in the form
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2
—2 w PP g 8),0 < 5°c 1
axfl(‘a,e_.) e

1
- ZJ\Jdcjde s xF) (5,8) - xP 5,01)0xP (06,0005 (7, 0)
o U H H H

W x(F(s,0),0c5 0] WP 2P (s,0) 5055 < 1] (9)

This is the proposed fermionic loop wave functional for QCD
at N = +«,

[

Note the initial condition imposed to the solutions of eq.(9)

and related to the asymptotic freedom of QCD
w(“[x]ﬁ“(s,e) =0] =1 (10)

Since our equation is deduced formally, the important problem
of its regularization and renormalization shows up. At first, we
note that in loop dynamics the paths X;B)(s) are .very irregular
geometric objects in euclidean space, so all Feynman diagramatic
perturbative analyses break down ([8}). &2 probable useful scheme should
be the introduction of its discrete version as in ref. ([9] and
the continuous limit is taken together with other kinematical fac-
tors ([4]).

Another more interesting point of view is to solve formally
eq.(9) - eq.(10) in terms of the functional integral of a String
Theory [3]. Due to the fermionic mixing symmetry (2) of the fer-
mionic Wilson loop (1), it appears naturally to consider as a
string Ansatz a supersymmetric string ([10], [11]) with all of its
spectrum good features ([12]).

To summarize, we propose a fermionic loop wave functional for
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QCDh at NC= +* which support the hope about the existence of a QCD

supersymmetric string Ansatz,
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