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ABSTRACT - Expressions for the current ju of the Dirac theory
are obtained from the invariance of the Lagrangian
of the theory under given transformations. It is
shown that ju is a vector with respect to Lorentz
transformations,
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The prob1ém of obtaining new invariance algebras for re-
lativistic equations, by using a non-Lie approach, has been
considered by several authors(]-s). The application made in
reference (6) to the Dirac equation has ‘some consequences
worth of discussion. It is the aim of the present note to show
that the Lagrangian of the Dirac theory can be shown to be in
vériant under given transformations. As a conSequence a .con-
servation law holds so that expressions for the corrent j]J
can be obtained. These expressions are different from the

ones analyzed by Laporte, Uhlenbeck and others(7). Moreover,

it is shown that ju behave as the components of a vector under

- Lorentz thansformations.

The Lagrangian L of the Dirac theory is
1 . L=4 7V 3:
(1) _ T ¥(y, a,+ m)¥

We shall proof that this Lagrangian is invariant under

the transformation
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(2) | ¥ o>y exp [1 Aler ejm:[\y_,
without sum!). o. ' iti

| (withou ) eazr are parameter; gnd the‘quant1t1es Ajzrare
defined by
(3) | B O A IR

jar je gr T3ec
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Ajr are.Herm1tean operators 'of square one which commute with

(4) ' A:IJY" Y4J =0 .



ij are unitary matrices
+ _ +
(5) ij ij = ij le 1,
which satisfy the relation
) Vg0 ma] = 0
We shall use the following representation
. - 1 0 v = 0 ok
4 o -1 K {og 0

The matriX‘Q,='¢Y4 Yk pKis transformed by means vof ij

‘into the matrices given in table (II). The transformation is

R | M "] _b 'I
(7) | | '-ij Q VJQ, - QJ
Fof each Qj there are several transformations Vj and for
~each Qj there are four operators Ajz' We areindicating in the

table (II)'sbme matrices ng that sat{sfy (6) and (7). In Q

there appears the scalar product
(9.p) = 0y Py + 95 Py * 03 P3>
~and 1in le'there appears also the quantity

2
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The proof of the invariance of L under the transforma -

‘tion (2) is easy to be obtained. We have in the case of the



transformation

(8) ‘y > \yll‘, = A q]’

jar
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(9) T Y7y, Ajﬁr(Yuau+ m) Ajzr v,
in view of (4), (5), (6) and the assumed Hermiticity of A&r
According to the definition (3) of Ajgp» the relation (7), as

well as the assumption that

T ‘ ’ voy2.

(10) (Af )%=

is a re]ation~that ho1ds for all Aji, we can write (9) as
(11) oL =i Ty, +myY = L

Therefore, the Lagrangian ‘is invariant under (8). To
show that the general relation (2) is also true it is enough o
take (11) into account, and write (2) as .

. : | . : g
(12) ' o= (cosejlr + 1 Aj&r senejlr)w

‘which is possible in view.of (10).
As a consequence, if Ojlr is considered to be infinite-

simal, the following law can be shown to hold:

SO Ty e = 0



Tﬁis re1ation.can be brpvmﬂa1so by applying Ajzrct° the
left-hand side of the Dirac equation. When we maﬁipu1ate
the equation as shown before we obtain a wave function Ajirwr
The adjoint equation can be obtained and the relation(13) is
easily deduced.

If Qj is given there are four possible operators Aéz

‘One of them 1is A-l=-I so that Aj2r= I and the ordinary con -

J
servation law is obtained. When, however, we consider tne

remaining three A&z we obtain an expression for ju that s

different from the usual one. It is easy to see that the quanti-

~ties on the same line of table (II) satisfy

_(]4) . [}jr » Ajsl = 21 epgy Ajy

We sha}] proof now that the quantities juixansfonn,under
Lorentz tranéformations, as components of a vector. For sim-
plicity we shall neglect, from now'on, the indices of Ajzr
It is well known that, under the transformation

(15). .'x¥ax,

the equation

(16) ‘ (v '31'1 +m) ¥' =0,
is transformed'into

(17) - ,.(y-'a
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Suppose now that (16) is multiplied ffom the left by a

quantity A' that commutes with yu 8;. It is easy to see that

we have

(18) (v, 2 + m) A' ¥' = 0 .
and

A(1.9) | (v, 2, +m} A ¥ =0,
instead of (16)‘and (17), where

(20) | R Y s,

(21) | ¥'= 5 vy ,

.(22,)_ | - 30 sty s7'= Y,

|
It is easy to see that the quantity A given in (28) commutes

with Yy au; In order to proof this statement it is enough to

go back from (1§¢) to (19), use the assumed commutation relation
;‘l _ :
o, =0
[Yu 3, » A

and perform a Lorentz transformation.

'Fina11y, the proof that ju behaves as a vector can  be

made as follows. We have



and

The author is indebted to Dr.Idel Wolk for many helpful

discussions.



] ' 1 |. l.
2 il Aj2 Aj3 i4
P Yq Yj =1 Yo Y3 -1 Yo Ys -1 Y3 Yg I
P Yg Yo | TV Yy Y3 [TV Yy Y5 =i Y3 Yg I
£P Y Y3 [ 7T ¥y Yo [T Y Yg -1 Y, g I
1P vy “Typ vz |t vs | civyvg !
i p 'Y2. =1 Yy Y3 =1 'Y;| Yg -i Y3 Yg I
*1Pvg Ty v iy s | ST e s !
+p Y.4 Ys -1 Y'I Y2 -1 '.Y"l Y3 -1 'Y2 'Y3 1
i p vg =Ty Yo [t Yy g -1 v, v, I

Table (II) - Matrices Ajz




Q; Vit Vje
1 0 QQ.AQ.E.\U 0
ip Ya Y; .
’ 0 HQQ.A,Q-UV\D O 1
1 0 ,.;..qi.q_E 0
1 p oY,
! 0 Fi ouﬁq,nv\u 0 1
1 0o || [¥iEp)/p 0
tp <b <m ©
: 0 Fi(o,p)/p 0 1
. 1 0 " ¥(o,p)/p 0
*1p <m :
0 {o,p)/p 0 1

Table (I) - Matrices <.u. .
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