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ABSTRACT

The measure of the {ractal dimensionalities of real substances
through diréct use of the mathematical definitions can be extreme
ly cumbersome, We.claim that in the case of arbitrarily rough and
irregular conductors, the task can be considerably simplified by
using the traditional skin effect. Indeed both electrical nesdis-
tance and efecinromagnetic power dissipation should present anoma
lous power-law dependences on the applied frequency, the corre-
sponding exponents being directly related to relevant fractal di

mensionalities.
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1 INTRODUCTION

An enormous amount of real physical systems present, within
appropriate length ranges, a fractal nature which is commonly char
acterized by the values of one or more relevant fractal dimensiona
lities. The usefulness of such approach in thecase.of porous coa1§1,

2’3, sintered metallic powdersﬁ, cement gels5 and many

proteins
other substances6 needs no more to be proved. However the practi
cal determination of the fractal dimensionalities is quite fre-
quently cumbersome, which in turn implies in results whose degree
of confidence is not always satisfactory. We claim’ that the tra
ditional skin effect can be an excellent tool for overcoming the
above difficulties whenever we are dealing with substances pre-
senting a non neglectable electrical conductivity,

There are physical properties (e.g., spin relaxationz, spe-
cific heata) which are closely related to both sfatic (purely ge
ometric) and dynamic fractal dimensionaliiies. For example, the

low temperature (T) spin-lattice relaxation time t. of some hemo

1
proteins is gi\ren2 by lftlafT“, where the non-integer exponent n
can be related to a non-integer dimensionality'aﬂmwghz’3 n=3+2d.
Under certain circumstances, the dimensionality d.can be identified’
with the {racton dimenaiona!ityg de,=2d/d_, where d, is thestruc
tural fractal dimensionality of the hemoprotein, and 4,6 is the
fractal dimensionality of a random walk (not self-avoiding) con-

d
strained to the fractal (dw is defined through <r2> ¥

~ t2, where
<¢?> is the mean square end-to-end distance of the walk after t
steps). We then see that the experimental data (say n) yields in

formation on the purely geometric dimensionality d., but the re-
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lationship is rather_indirecf, and mixed with the "dynamic" di-
mensionality dw-(reflecting diffusion and vibrational aspects of
the problem). Consequently ﬁe would hardly consider spin relaxa-
tion measurements as a practical tool for determining d..

On the other hand, other physical phenomena (e.g., small-an
gle X-ray scatteringl’é) exist which provide experimental data di
neetly related to purely geometric fractal dimensionalities of the
system, and are therefore convenient for determining those quan-
tities. For example, in the just quoted X-ray experiments, the
scattering intensity I is proportional1 to qu-6 where q is the
scattering angle (radians). Consequently a £n Ivs.£€nq represen-
tation of the experimental data immediately provides the fractal
surface dimcnsionality,d8 (which equals 2 in the Euclidean case,
thus providing the well known I xl/q'4 law). We argue herein that
the standard skin effect belongs to this same category of methods,
and should therefore constitute a convenient way for determining
fractal dimensionalities of arbitrarily rough and irregular con-
ductors, the use of the mathematical definitions of those quanti

ties being replaced by relatively simple physical measurements.

2 SKIN EFFECT

Let us consider a roughly cylinder-like conductor (see Fig.
1). We denote £L and LT its fractal longitudinal and transverse
(perimeter) lengths respectively, and S the fractal area they sup
port. For arbit;ary fractal surfaces it will in general be Sﬁln;r

We assume that an alternate electric potential with voltage Vand
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frequency w is applied along the cylinder. The corresponding skin

depth is given10 by

2~

where the proportionality factor depends on the .-electromagnetic
properties (such as the electrical conductivity) of the (homoge-
neous)} substance.

The fractal quantities £L’ £T and S respectively yield the

fractal dimensionalities dL, d.. and ds through the following re-

T
laticons:

£n(L, /8)
dL - —_— (2)
£Zn(1/8)

hence

b= "Hl:_ ’ 2"
6 5
Ln(tI/S)

d, = —= (3
£n(1/8)

hence

£T = g1 (3"
and

d _ &n(s/8%)
&n(1/8)

(4)
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hence

Sp— (a")

It will in general be 1 Sdm' dT<“2 (the equality holds for smooth
differentiable curves), and 2 sds< 3 (the equality holds for smooth
differentiable surfaces). An interesting particular situation is
that in which S =&, £,, which implies dé==dL+dT 2 2. Another inter
esting particular situation is that of a (statistically) homoge-
neous and isotropic fractal surface; in that case it will in gen
eral be dL= dT= ds—l 1.

The power P dissipated by the substance is given by
P = Jj’(?).ﬁ(?)dsr (5)

where 3(?) and E(T) respectively are the current density and the
electric field at the point T, By using Ohm's law }(?)::o E(D

(0 = electrical conductivity), Eq. (5) becomes
P = GIEzdar

- 2
= o<E ”skin J'dsr
skin
_ 2
= o<E > kin Sé {(6)

where "skin" refers to the volume v‘z[dsr =58 of the substance
skin
where the electric field is sensibly different from zero (we re-

call that the electric field vanishes exponentially while entering
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into the material).
If we perform a {ixed electromagnetic field density expeni-
ment (in the interior of an appropriate cavity), Eq. (6) yields

3-d

PSSz ° 1)

where we have used Eq. (4'). Therefore, using Eq. (1), we obtain

. |
—
W
This relation reproduces the standard one!? (P =1/vw) when dg=2.
3-d
Note also that Eq. (7) implies v=3§ s, which through appropriate
change of the characteristic length, recovers Eq. (4) of Ref. 1.

If we perform instead an efectrdic current fLow experiment we

will have <E2>skin= Vz/zi hence, using Eq. (6),

oV28§

_ 9
L

P =
which, if identified with P =V?*/R (R being the electrical resis-
tance), provides

ot?
R = —L (20)

S5é

Finally, using Eqs. (2') and (4'), we obtain

d. =24, ~1
Reg s> L (11)

hence, through Eq. (1),
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(12)

This relation reproduces the standard one'? (R = Y&) when dg=2 and
d =1.

Summarizing, the represehtation of the experimental data in
fnPvs.fnw and dnRvs.€nw graphs would piovide straight lines
whose respective slopes would be (dS-S)/Z and (1+2dL—ds)/2. The
determination of ds and dL would then be straighforward.

In the particular case mentioned before, namely dsadi+dT,Eqs;

(8) and (12) provide

P& — (13)
e ey |
" _
and
1+dL-dT
R«gw 2 (14)

In the other particular case (quite frequent in nature), name

1y dL= dT=dS'1’ Egs. (8) and (12) provide

P = Z_-H;: (15)
W3
and
d, /2 .
Re«uw L (16)

In this case a single experience, say R vs,uw, would determine dL.
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In both types of experiment (electric current flow and elec- .
tromagnetic cavity) fhe spatial distribution of the electromagnetic
field presents an evolution with w: it is through this evolution
that the field probes the fractality of the system. We have quali
tatively represented in Fig. 2.a (Fig. 2.b) the spatial distribu-
tion of the électric field outside (inside) of the substance in a

electromagnetic cavity (electric current flow) experiment.

3 CONCLUSION

As a consequence of the scaling arguments presented above,
the skin effect appears to be a promising tool for measuring frac
tal dimensionalities of electrically .conducting materials, Real
substances are naturally not expected to exhibit this type of ang
malous skin effect for all fréquencies, Therefore an actual exper
iment, say a resistance measurement, should present various regimes,
making crossovers from one into the other at appropriate frequen-
cies. A Low {requency negime will always be present in which the
resistance is independent from w (48 larger than the transverse Iin
ear size of the sample); this regime ends when § becomes compara-
ble with this size. A high {requency regime will also exist always:
it corresponds to the_break-down of the condition w<<o/e (e =die-
lectric constant), which is necessary for the validity of Eq.1 (if
w>c/e, the polarizability itself starts depending on w, and non
trivial effects appear). Between these low and high frequency re-
gimes, one or more fractal and/or euclidean skin regimes can ap-

pear, corresponding to scales of § within which the surface of the
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conductor is seen as "'rough" or "smooth". In Fig. 3 we have illus
trated these concepts by assuming, in the intermediate, frequency
region, a fractal regime (slope (142dL-ds)/2 different from 1/2)
followed by a standard one (slope 1/2),.

Let us conclude by saying that experiments testing Eqgs. (8)
and (12) would be extremely welcome. Systems like .copper, gold,
silver pora154, porous coals, metallic sponges could be good can-

didates.
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FIGURE CAPTIONS

Fig. 1 - Cylinder-like conducting sample with fractal external

Fig.

Fig.

2

3

surface; LT refers to the perimeter. The alternate vol-
tage is applied between the two (equipotential)  bases.
The indicated skin depth & is out if scale (too 1large)
if assumed to be appropriate for probing the ‘“fractality"
of the illustrated "rough" surface.

Magnified view of the rough surface of the conductor:
the dashed line qualitatively indicates the skin of the
substance at a particular frequency. For the cavity ex-
periment we have indicated ((a) and (b)) the electric field
outside of the conductor; for the current flow experi-
ment we have indicated {(c) and (d))electric field 4indide
of it.

Possible result for a resistance measurement of a con-
ducting rough sample, exhibiting a fractal regime (slope
# 1/2) which crosses over to a standard one (slope 1/2).
GO(RO) is a reference frequency (resistance) adapted to
the particular sample.
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FIG. 1
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